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THE MONIST 


PRAGMATISM. 


RAGMATISM is a new philosophical movement, but 
the word “pragmatic’’? from which the term is de- 
rived has been in existence for more than two thousand 
years. In ancient Greece it meant “businesslike, practical, 
or ready for action’’; it was applied to lawyers, statesmen 
and soldiers. In Rome the adjective practicus became a 
noun and denoted an attorney or legal adviser, and a man 
who gave points to orators; we might translate it by “prac- 
titioner of law.’ An imperial edict was called pragmatica 
jussio, and a decree in state affairs that should be regarded 
as inviolate, pragmatica sanctio. The best known prag- 
matic sanction of history is the pact which Emperor 
Charles VI made with the European powers to recognize 
the succession of his daughter Maria Theresa to the throne 
of all the possessions of the house of Hapsburg, in the 
absence of male heirs. 

In philosophical language Kant used the word “prag- 
matic” in the sense of “prudent,” meaning thereby a mode 
of action by which a purpose might be attained. 

In the middle of the nineteenth century it was cus- 
tomary in Germany to speak of pragmatic historiography? 
by which term was meant a description of historic events 
in their causal connection, and under Bismarck’s regime 
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? Pragmatische Geschichtschreibung. 
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“pragmatic politics” denoted a policy which was bent on 
success without regard to principle. 


THE PRAGMATIST’S CONCEPTION OF TRUTH. 


Pragmatism in philosophy is of recent date and what 
it means is best stated in the words of Professor William 
James of Harvard, who says on page 46 of his recent work 
on Pragmatism :* 


“The term is derived from the same Greek word zpdaypa, mean- 
ing action, from which our words ‘practice’ and ‘practic’ '’ come. 
It was first introduced into philosophy by Mr. Charles Peirce in 
1878. In an article entitled ‘How to Make Our Ideas Clear,’ in the 
Popular Science Monthly for January of that year Mr. Peirce, 
after pointing out that our beliefs are really rules for action, said 
that, to develop a thought’s meaning, we need only determine what 
conduct it is fitted to produce: that conduct is for us its sole sig- 
nificance. And the tangible fact at the root of all our thought- 
distinctions, however subtle, is that there is no one of them so fine 
as to consist in anything but a possible difference of practice. To 
attain perfect clearness in our thoughts of an object, then, we need 
only consider what conceivable effects of a practical kind the object 
may involye—what sensations we are to expect from it, and what 
reactions we must prepare. Our conception of these effects, whether 
immediate or remote, is then for us the whole of our conception of 
the object, so far as that conception has positive significance at all.” 


The statement of Mr. Charles S. Peirce, “that our 
beliefs are really rules for action,” is an explanation, not a 
principle, and the explanation is made so that we may 
rightly understand the nature of belief. Beliefs are never 
held at random; they serve a purpose and the purpose of 
a belief is ultimately to insure a definite line of conduct. 
It is not probable that any one would take exception to 
this. Professor James, however, goes beyond the original 
meaning of the term by changing the statement of fact into 
a principle, and he applies it to his conception of truth. 


’ New York: Longmans, Green & Co., 1907. 
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Let us see what he makes of it. We read on page 76 an 
italicized definition of truth: 


“The true is the name of whatever proves itself to be good 
in the way of belief, and good, too, for definite, assignable reasons.” 


Professor James seems to outdo Bentham’s utilitarian- 
ism. He continues: 

“Tf there were no good for life in true ideas, or if the knowl- 
edge of them were positively disadvantageous and false ideas the 
only useful ones, then the current notion that truth is divine and 
precious, and its pursuit a duty, could never have grown up or be- 
come a dogma. In a world like that, our duty would be to shun 
truth, rather. But in this world, just as certain foods are not only 
agreeable to our taste, but good for our teeth, our stomach, and our 
tissues; so certain ideas are not only agreeable to think about, or 
agreeable as supporting other ideas that we are fond of, but they 
are also helpful in life’s practical struggles.” 

We grant that im the long run truth will always be the 
best, but for that reason we deem it rash to identify ‘the 
true’ with “whatever proves itself to be good in the way 
of belief.” Certain foods are agreeable to our taste and 
good for our teeth, but obnoxious to our health; can we 
then identify what is wholesome with what is palatable? 
So there may be certain ideas “good for definite, assignable 
reasons,” but they need not on that account be true. 

Professor James’s definition of truth is reiterated in 
various ways. On page 77 we are told: 

“What would be better for us to believe’! This sounds very 
like a definition of truth. It comes very near to saying ‘what we 
ought to believe’: and in that definition none of you would find any 
oddity. 

“Ought we ever not to believe what it is better for us to believe? 
And can we then keep the notion of what is better for us, and what 
is true for us, permanently apart? Pragmatism says no, and I 
fully agree with her.” 

In the chapter entitled “The Action of Truth” we read 
on p. 201 another italicized definition of the same kind: 
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“True ideas are those that we can assimilate, validate, corrobo- 
rate and verify. False ideas are those that we can not. That is 
the practical difference it makes to us to have true ideas; that, 
therefore, is the meaning of truth, for it is all that truth is known-as.” 


THE USEFUL LIE. 


Science rests upon the supposition that a statement once 
acually proved to be true remains true, while utility is sub- 
ject to change. Professor James says of truth (p. 204): 

“You can say of it then either that ‘it is useful because it is 
true’ or that ‘it is true because it is useful.’ Both these phrases 
mean exactly the same thing, namely that here is an idea that gets 
fulfilled and can be verified.” 


What of a useful lie? It accomplishes its purpose, for 
it will bring help in a dilemma. The Cymic’s Calendar thus 
substitutes the word “lie” in the familiar proverb, saying, 
“A lie in time saves nine.” Perhaps the liar knows that 
a lie goes only a little way, but it may go far enough to 
suit his purpose. And what of that villainous maxim to 
force a belief upon people who are unwilling to accept it? 
Has not the Inquisition succeeded in keeping Spain under 
the influence of Rome until to-day? Was not the night 
of Bartholomew a success? The Huguenots have been 
swept out of France and are even to-day but a small minor- 
ity. Was not the Reformation suppressed by foul means 
in Bohemia, when at the time of the Hussite movement 
it seemed to be lost to the Church? Must we be reconciled 
to a pragmatic policy of this kind because it works within 
certain limits? It certainly paid those who acted upon this 
pragmatic conception of truth. Would not Professor 
James himself demur at this? At least I hope he would 
be sufficiently inconsistent, not to accept the consequences 
of his definitions. . 

Even as matters are, judging from his own statements, 
he goes very far in his practical admissions, and he claims 
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that for the very plasticity of its view of truth, pragmatism 
is at a great advantage in the religious field. If one finds 
it profitable to believe in God, very well, to him the exist- 
ence of God is a truth. If another finds a scientific satis- 
faction in the non-existence of God, to him atheism is true. 


TRUTH COMPARED TO CASH VALUE. 


Professor James speaks of his definitions of truth as 
“the truth’s cash value in experiential terms’ (p. 200) ; 
and years ago, in 1888, in an article entitled “Cognition, 
Knowledge and Truth,” I used the very same expression :* 
“Abstract thoughts do not on the one hand represent ab- 
solute existences, nor on the other are they mere air cas- 
tles; they are built upon the solid ground of reality. The 
facts of nature are specie and our abstract thoughts are 
bills which serve to economize the process of an exchange 
of thought. We must know the exact value in specie of 
every bill which is in our possession. And if the values 
of our abstract ideas are not ultimately founded upon the 
reality of positive facts, they are like bills or drafts for the 
payment of which there is no money in the bank.” 

This looks like an agreement between his views and 
my own, but there seems to be an important difference, 
for according to Professor James, ideas are not true or 
untrue, they become true. He says (p. 201): 

“The truth of an idea is not a stagnant property inherent in 
it. Truth happens to an idea. It becomes true, is made true by 
events. Its verity is in fact an event, a process: the process namely 
of its verifying itself, its veri-fication. Its validity is the process 
of its valid-ation.” 


This will be a puzzle to the reader until he understands 


the statement in the light of another passage. Professor 
James means that an idea must be assimilated in order to 


*First published in The Open Court, Vol. II, p. 1458, and reprinted in 
Fundamental Problems, p. 17-18. 
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become true to us. As a psychologist he studies the 
origin of a conviction and identifies conviction with truth. 
He says: 

“A new opinion counts as ‘true’ just in proportion as it gratifies 
the individual’s desire to assimilate the novel in his experience to 
his beliefs in stock. It must both lean on old truth and grasp new 
fact; and its success (as I said a moment ago) in doing this, is a 
matter for the individual’s appreciation. When old truth grows, 
then, by new truth’s addition, it is for subjective reasons. We 
are in the process and obey the reasons. That new idea is truest 
which performs most felicitously its function of satisfying our double 
urgency. It makes itself true, gets itself classed as true. by the 
Way it works; grafting itself then upon the ancient body of truth, 
which thus grows much as a tree grows by the activity of a new 
layer of cambium.” 


Must we use truth to make truth true? “An opinion” 
that “counts as true” or a belief that is deemed to be true 
and is practically applied, need not be true. To Professor 
James truth is not the cash value of ideas, but their actual use 
when put into circulation. But truth remains truth even if 
not exploited. The cash value of a bank deposit remains the 
same even when we do not invest it in profitable enterprises, 
and it would certainly be a mistake to identify the nature of 
money with the interest it will bring if invested. What 
is commonly understood by “truth,” Professor James calls 
“a static relation of ‘correspondence’ ”’ and denounces it 
as “inert.” In our opinion truth may indeed be inert, 
just as money may lie unutilized, but pragmatism shuts 
its eyes to the fact and denounces the old view as an inert 
conception of truth: 

“It converts the absolutely empty notion of a static relation of 
‘correspondence’ between our minds and reality, into that of a rich 
and active commerce (that any one may follow in detail and under- 
stand) between particular thoughts of ours, and the great universe 
of other experiences in which they play their parts and have their 
uses,” 
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Our own conception of truth is neither “empty” nor 
“inert,” for we believe that the truth is exceedingly prac- 
tical, and (like many others before us) we have most 
vigorously insisted upon the maxim that truth must be 
sought and found, not to keep it in cold storage but that 
we may apply it in our own lives. The truth must be 
lived. 

We have gone further; we have emphatically insisted 
on the principle that science, knowledge, truth, do not exist 
for their own sake but must prove helpful to us. We 
would not endorse the maxim “science for science’s sake,” 
as we said in The Soul of Man, p. 361: “The purpose of 
thinking is adaptation to surrounding conditions. Thought, 
you may object, sometimes does not end in action, but in 
the suppression of action. Inhibition, however, is an ac- 
tion also. Thought should always end in the regulation 
or adjustment of our behavior toward our surroundings. 
If it does not, it is not the right kind of thought. Thought 
for its own sake is a disease. If muscles contract neither 
for a special purpose nor for the general purpose of exer- 
cise, we call the contraction ‘a cramp.’ Thought for its 
own sake is a spasm of the brain.” 

While we regard a scientific inquiry into irrelevant 
truths as useless, and while we could gauge the importance 
of a truth by its practical significance, we deem it a very 
slipshod method of philosophizing to identify the utility 
of an idea with its truth. Yet this is actually the meaning 
of pragmatism according to Professor James (p. 75) who 
says: 

“An idea is ‘true’ so long as to believe it is profitable to our 
lives.” 

If pragmatism means that our philosophy must be 
tested by its practical application, we are all pragmatists, 
and for myself I would claim to be a better pragmatist 
than Professor James. 
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THE OBJECTIVE SIGNIFICANCE OF TRUTH. 


Professor James is right when he means to say that 
truth is not an object, not a thing outside of us, and that 
we must distinguish between facts and truths. Facts are 
real, they are in themselves neither untrue nor true. Truth 
resides in ideas only, viz., in representations or conceptions 
of facts. In this sense, therefore, I also say that truth 
originates in us, exactly because truth is a relation, which, 
strange to say, is denied by Professor James. Truth orig- 
inates and exists through an agreement between the idea 
and the reality represented. 

I will quote what I said on the subject years ago in an 
article on “The Origin of Mind’”: “Truth exists in think- 
ing subjects only. Truth affirms that certain subjective 
representations of the objective world can be relied upon, 
that they are deduced from facts and agree with facts. 
Based upon past experience, they can be used as guides for 
future experience. If there were no subjective beings, no 
feeling and comprehending minds, there would be no truth. 
Facts in themselves, whether they are or are not repre- 
sented in the mind of a feeling and thinking subject, are 
real, yet representations alone, supposing they agree with 
facts, are true.” 

While truth can exist in thinking beings only, while 
it is subjective in its nature, we must bear in mind that 
it has an objective significance. The several truths are 
not arbitrary statements, but their character is predeter- 
mined. If we are confronted with a scientific problem, we 
seek a solution, and if the problem is genuine and legiti- 
mate, there will be but one solution of it that is right, all 
others are either false or perhaps at best approximations. 
The solution that is predetermined, at which all inquirers 
that do not go astray must arrive, is the ideal of truth, 


“The Monist, I, 69; reprinted in The Soul of Man, p. 42. 
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and this ideal must be discovered. Nor do we hesitate to 
say that although truth is an idea and not a concrete thing, 
not a material existence, not a fact, the ideal of truth, 
viz., its predetermination of the solution to be obtained, is 
the most significant presence in the world. 

The identification of truth with mere workable belief 
is positively injurious. In limiting truth to its pragmatic 
significance, Professor James oblitérates the most signifi- 
cant feature of truth. Charles S. Peirce, in the article 
referred to, describes most clearly the origin of belief and 
how an idea becomes accepted as true in the proportion 
in which it gratifies the individual’s desire to assimilate 
it; it is accepted for subjective reasons and it affects our 
conduct in life. But in the name of logic how can we call 
an idea true, simply when or because it is held to be true? 
We grant that it appears true to those who hold it; let us 
even go so far as to say that it is true to them; but it need 
not for that reason be as yet really true. With all due 
respect for psychology we do not see why logic must needs 
be sacrificed in order to leave the field solely to psychology. 
The test of truth is its agreement with experience, not with 
one isolated fact or set of facts, but with all the facts of 
experience, and the ultimate agreement of all truths is the 
ideal of science.° 


TRUTH MADE OR FOUND? 


In spite of Professor James we insist that truth is not 
made by man, but must be discovered, for as we said above, 
the nature of truth is predetermined. Truth must be 
found; it is rigid and not plastic, it is independent of our 
likes and dislikes, and there is a pre-established harmony 
of all truths. Professor James does not brook truth in the 
singular. His “account of truth is an account of truths 


® This idea has been developed in an editorial article entitled “The Cri- 
terion of Truth,” published in The Monist, Vol. 1, No. 2, p. 220. 
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in the plural” (p. 218), and he denounces truth in any 
other sense except his limited use of it. He says (pp. 
64-65): 

“The trail of the human serpent is thus over everything. Truth 
independent ; truth that we find merely; truth no longer malleable 
to human need; truth incorrigible, in a word; such truth exists 
indeed superabundantly—or is supposed to exist by rationalistically 
minded thinkers; but then it means only the dead heart of the 
living tree, and its being there means only that truth also has its 
paleontology, and its ‘prescription,’ and may grow stiff with vears 
of veteran service and petrified in men’s regard by sheer an- 
tiquity.”” 

Do scientists, inventors, and generally all who recog- 
nize the objective significance of truth, follow an ignis 
fatuus? Is. it true that the laws established by science 
“are only a man-made language” (p. 57)? Professor 
James says: 

“As the sciences have developed farther, the notion has gained 
ground that most, perhaps all, of our laws are only approximations. 
The laws themselves, moreover, have grown so numerous that there 
is no counting them; and so many rival formulations are proposed 
in all the branches of science that investigators have become ac- 
customed to the notion that no theory is absolutely a transcript of 
reality, but that any one of them may from some point of view be 
useful.” 

In common parlance the word truth contains not only 
the idea of the correctness of our subjective notion but also 
the objective condition itself. We speak for instance of 
the eternality of truth, meaning thereby not the man-made 
formulas but the laws of nature, theorems of mathematics 
ete., and I have on former occasions proposed to call the 
latter “verities,” so as to enable us to distinguish between 
the subjective and objective elements of truth. 


ONENESS AND REASON. 


In the chapter “The One and the Many” we had hoped 
to find a refutation of monism, and a justification of plural- 





NL 
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ism, but Professor James remains on the surface in his 
discussion of this contrast. Nowhere does he discover the 
ultimate reason of the unity which is such a powerful de- 
mand in the human mind. He seems to think that it 1s a 
question of number, not (as it actually is) of unity or con- 
sistency, and suggests that the oneness of the universe 
would exclude variety and multiplicity. He says: 

“The world is One just so far as its parts hang together by any 
definite connection. It is many just so far as any definite connec- 
tion fails to obtain.” 


The human mind which naturally and necessarily views 
the world as one is viewed by him psychologically in its 
complex elements as a plurality. He says: 


“Our minds thus grow in spots; and like grease-spots, the spots 
spread.” 


Apparently he has never become acquainted with a 
justification of the monistic tendency that pervades science. 
He overlooks the fact that reason is a unity, and that in 
its gradual evolution it has developed under the influence 
of the principle of oneness. An explanation of the nature 
of reason is no easy task and would take more space than 
we can give it in this article, but we will try to state it in 
as few words as possible. 

The problem of reason is the problem of formal thought. 
We distinguish between the sense element in our experience 
and the relational or formal. The pure form of actual 
succession in motion is time. The pure form of thought 
is logic. The general rules which we derive from pure 
forms can be formulated in general statements which we 
find to be reliable norms not only for the subjective sphere 
of reasoning, but also in the objective domain of existence. 
The norms of the purely formal are the same throughout, 
which appears first of all in the fact that for all of us there 
is but one space, one time, one reason. Though meta- 
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geometricians have tampered with the conception of space, 
the philosophers have not dared as yet to touch time or to 
doubt the sameness, oneness and harmonious unity and the 
uniqueness of reason. We have been hoping from year 
to year that some one would invent a two-dimensional 
time,-or some supra-, infra- or extra-temporal chronometry, 
or that a metalogician would publish a book on curved 
reason, or propound a pluralistic logic that would stand 
in contradiction to the Aristotelian logic in which the 
categories would not hold good, and where the law of 
contradiction would have no application. 

Here is a task worthy the efforts of the pragmatist. 
Perhaps Mr. Charles S. Peirce can offer additional sug- 
gestions. What glorious vistas for the philosopher of the 
future! In the meantime we venture to think that so long 
as the unity of reason stands unchallenged, the pragmatist 
has no right to doubt the ultimate unity of the world. 


THE MIND AND THE UNIVERSE. 


The best justification of monism is the constitution of 
the human mind. Professor James himself recognizes our 
craving for consistency, for unity, for a harmony of all 
truths; and is not the human mind a product of the uni- 
verse? Is not its unity as well as its need of tracing the 
unity of thing's, an echo of the unity (1. e., the harmonious- 
ness, or consistency) in the constitution of the world? 

Lotze said somewhere about the mind and its relation 
to reality, “May not previous reality itself be there (viz., 
in the mind) ?”, and the passage is quoted by Professor 
James with approval. I would indeed say that some fea- 
ture of reality exists in the mind, and it is exactly that 
principle of oneness which appears in reason. It is founded 
upon our conception of form, and the conception of form 
arises from our becoming conscious of the uniformities 
which are inseparably connected with all reality, objective 
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as well as subjective. We reproduce the oneness, or let 
us rather say the universal sameness, of all form in our 
formulations of the norms of form and of the natural laws, 
and this is the condition of the oneness of reason, and of 
the principle of consistency so important in science and 
philosophy. This principle of oneness otherwise called 
“reason” is a feature of reality which has been developed 
in the mind and is a reflection only of the oneness of the 
universe. Of it every being is a part and into the image of 
it the intellect of rational beings has been molded. 

Near the conclusion of his chapter on “Humanism,” 
Professor James sums up the case as follows: 


“The import of the difference between pragmatism and ration- 
alism is now in sight throughout its whole extent. The essential 
contrast is that for rationalism reality is ready-made and complete 
from all eternity, while for pragmatism it is still in the making, and 
awaits part of its complexion from the future. On the one side 
the universe is absolutely secure, on the other it is still pursuing its 
adventures.” 


We do not mean to defend what Professor James at- 
tacks as rationalism, but will say that in our opinion reality 
is a constant flux and accordingly is never ready made or 
complete. It is always changing in a kaleidoscopic manner. 
What is really complete from all eternity is the constitu- 
tion of the world, and it is this constitution which is re- 
flected in man’s reason. The constitution of the world 
is not an unintelligible enigma, but it is the systematic unit 
of norms of its formal relations, and human reason is the 
totality of the formal relations of thought reduced to 
logical rules. 

Professor James uses the term “reality” first in the 
sense of the world-constitution, and then in the sense of 
the unstable condition of nature. If rationalism means that 
reality is ready made, it can only mean that the constitu- 
tion of the world, the sum total of natural laws, is im- 
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mutable. If pragmatism means that reality is still in the 
making, he can reasonably refer only to nature with all 
its bodily existences the very condition of which is always 
instability; but in thus using his words with no definite 
meaning Professor James succeeds in pointing out the ad- 
vantages of his philosophy and representing the views of 
the rationalists, the intellectualists, and the monists as ut- 
terly untenable. 

Professor James recognizes uniformity of nature, but 
it is only a general and vague idea. He says: 


“The general ‘uniformity of nature’ is presupposed by every 
lesser law. But nature may be only approximately uniform.” 


TIME AND SPACE. 


We ought to let pragmatism swallow its own medicine 
and request it to become pragmatic, which means to measure 
values according to the practical use of things. Would it 
then not learn to appreciate theory, abstraction, the prin- 
ciple of consistency, logic and in general intellectualism 
and rationalism even in preference to mood, temperament, 
sentiment and the gratification of other purely subjective 
dispositions ? 

Has not the logical faculty developed solely for the 
pragmatic reason that the simian brute was thereby changed 
into rational man? Does not the whole apparatus of ab- 
stract thought serve very practical purposes, and is it 
really so desirable to live in facts only and ignore all these 
useful implements of theory, abstraction, and generaliza- 
tion? Does not even monism, or rather the systematic 
method of reducing the plurality of our sensations to unity, 
serve a very practical purpose? If we had to surrender 
all these methods simply because they are mental con- 
structions and artifices invented for the simplification of 
knowledge, because they do not possess the same reality 
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as do our sensations, our sense experience, and our senti- 
ments, would we not sink back to the level of childhood? 

To characterize the situation we will quote the passage 
on time and space on pp. 177-178: 


“That one Time which we all believe in and in which each 
event has its definite date, that one Space in which each thing has 
its position, these abstract notions unify the world incomparably ; 
but in their finished shape as concepts how different they are from 
the loose unordered time-and-space experiences of natural men! 
Everything that happens to us brings its own duration and exten- 
sion, and both are vaguely surrounded by a marginal ‘more’ that 
runs into the duration and extension of the next thing that comes. 
But we soon lose all our definite bearings; and not only do our 
children make no distinction between vesterday and the day before 
yesterday, the whole past being churned up together, but we adults 
still do so whenever the times are large. It is the same with spaces. 
On a map I distinctly see the relation of London, Constantinople, 
and Pekin to the place where I am; in reality I utterly fail to feel 
the facts which the map symbolizes. The directions and distances 
are vague, confused and mixed. Cosmic space and cosmic time, 
so far from being the intuitions that Kant said they were, are con- 
structions as patently artificial as any that science can show. The 
great majority of the human race never use these notions, but live 
in plural times and spaces, interpenetrant and durcheinander.” 


This passage is characteristic. 

Time is one and space is one; no one doubts it. Yet 
“our time and space experiences” are “vague, confused and 
mixed.” 

When using the map Professor James “can distinctly 
see the relation of London, Constantinople and Pekin to 
the place where he is”; but he “utterly fails to see the 
facts which the map symbolizes.” Should we not conclude 
then that these artificial constructions are of paramount 
pragmatic importance? And that the intellectualists and 
rationalists have not labored in vain? My conclusion 
points that way, and I am convinced that Professor James 
has misinterpreted their philosophies as much as he fails 
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to understand Kant. Kant says that time and space are 
— Anschauungen, which means that they are data of im- 
mediate experience as much as are the objects of sight. 
The translation “intuition” carries with it a mysterious 
and mystical meaning which is utterly absent in the Ger- 
man text and was absolutely foreign to Kant." 
Considering the fact that the illiterate and the uncul- 
tured can still be found in all the continents of the earth, 
we will not dispute the statement, that “the great majority 
of the human race. .. .live in plural times and spaces, inter- 
penetrant and durcheinander.” Still we do not see what 
renders the notion of the oneness of time and space objec- 
tionable, and fail to appreciate the advantage of pluralism. 


LOVE OF FACTS AND MYSTICISM. 


In his dread of abstractions Professor James forgets 
or loses sight of the fact that man has acquired his human- 
ity through his reason and that reason is the faculty of 
thinking in abstractions. We grant that abstractions that 
have no reference to facts are either empty and useless or 
even positively erroneous, but because there are wrong 
abstractions we can not overlook the paramount impor- 
tance of abstract thought. Professor James says: 

“Pragmatism is uncomfortable away from facts. Rationalism 
is comfortable only in the presence of abstractions. This pragmatist 
talk about truths in the plural, about their utility and satisfactoriness, 
about the success with which they ‘work,’ etc., suggests to the 
typical intellectualist mind a sort of coarse lame second-rate make- 
shift article of truth.” 


The pragmatist seems to adopt the principle of posi- 
tivism in that he clings to facts. Sometimes it will be 
difficult to distinguish between facts and our interpreta- 
tion of facts, but pragmatism offers no objective criterion 
for a distinction between the two. We read on p. 68: 


* Compare the author’s article “What Does Anschauung Mean?” in The 
Monist, Il, 527, and in Kant and Spencer, p. 33 ff. 
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“The pragmatist clings to facts and concreteness, observes 
truth at its work in particular cases, and generalizes. Truth, for 
him, becomes a class-name for all sorts of definite working-values 
in experience.” 


This might be construed as discarding everything that 
is not particular and concrete sense-experience; but it 
would be wrong to think that Professor James does not 
cherish a belief in some reality above the facts of sense. 
Indeed, his great interest in mystical phenomena proves it, 
and he uses a very pretty allegory to justify his belief in 
some superreal world which interacts with the world of 
sense in which we live, and yet constitutes a sphere of its 
own and is the product of theory. The recognition of the 
reality of this abstract realm is so ingenuous and it stands 
in such a contrast, I might almost say in contradiction, to 
so many of Professor James’s utterances that we will quote 
the passage in full in order to show how Professor James 
justifies his eccentric excursions into the realm of the ab- 
struse. He says (pp. 127-128): 


“T have sometimes thought of the phenomenon called ‘total 
reflection’ in Optics as a good symbol of the relation between ab- 
stract ideas and concrete realities, as pragmatism conceives it. Hold 
a tumbler of water a little above your eves and look up through the 
water at its surface—or better still look similarly through the flat 
wall of an aquarium. You will then see an extraordinarily brilliant 
reflected image say of a candle-flame, or any other clear object, 
situated on the opposite side of the vessel. No ray, under these 
circumstances gets beyond the water's surface: every ray is totally 
reflected back into the depths again. Now let the water represent 
the world of sensible facts, and let the air above it represent the 
world of abstract ideas. Both worlds are real, of course, and inter- 
act ; but they interact only at their boundary, and the locus of every- 
thing that lives, and happens to us, so far as full experience goes, 
is the water. We are like fishes swimming in the sea of sense, 
bounded above by the superior element, but unable to breathe it pure 
or penetrate it. We get our oxygen from it, however, we touch it 
incessantly, now in this part, now in that, and every time we touch 
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it, we turn back into the water with our course re-determined and 
re-energized. The abstract ideas of which the air consists are in- 
dispensable for life, but irrespirable by themselves, as it were, and 
only active in their re-directing function. All similes are halting, 
but this one rather takes my fancy. It shows how something, not 
sufficient for life in itself, may nevertheless be an effective deter- 
minant of life elsewhere.” 

Dreams are realities to the visionary, and the mystic 
does not hesitate to look upon the most abstruse theories 
of his imagination as facts. If we want to know the truth, 
we must learn to distinguish between the objective fact and 


our interpretation of it. 


MISUNDERSTOOD. 


Professor James emphasizes one aspect of the truth only 
and loses sight of another that is of greater importance. 
He himself feels that he speaks in paradoxes, and so he 
says of his definition of truth: 


“But is it not a strange misuse of the word ‘truth,’ you will 
say, to call ideas also ‘true’ for this reason?” 


When Professor James identifies that which is profit- 
able, satisfactory, better to believe, etc., with truth, he 
says to his reader in anticipation of his misgivings: 


“Probably you also agree, so far as the abstract statement goes, 
but with a suspicion that if we practically did believe everything 
that made for good in our own personal lives, we should be found 
indulging all kinds of fancies about this world’s affairs, and all 
kinds of sentimental superstitions about a world hereafter. Your 
suspicion here is undoubtedly well founded.” 


Professor James grants that our suspicion is ‘“well- 
founded, but he does not trouble to remove the suspicion. 
He simply adds: 


“It is evident that something happens when you pass from the 
abstract to the concrete that complicates the situation.” 

















PRAGMATISM. 339 


Man possesses a very inconvenient hankering for con- 
sistency, and when he adopts an idea as true because he 
finds that it is expedient to believe it, it sometimes happens 
that it clashes with other beliefs of vital benefit. Professor 
James refers to this problem, and if he had solved it he 
would have discovered that the old-fashioned ideal of the 
oneness of truth contains a lesson, but he fears to lose 
himself in the absolute, and he loves pluralism too much 
to make the attempt. On page 77 Professor James says: 


“T said just now that what is better for us to believe is true 
unless the belief incidentally clashes with some other vital benefit. 
Now in real life what vital benefits is any particular belief of ours 
most liable to clash with? What indeed except the vital benefits 
yielded by other beliefs when these prove incompatible with the 
first ones? In other words, the greatest enemy of any one of our 
truths may be the rest of our truths. Truths have once for all this 
desperate instinct of self-preservation and of desire to extinguish 
whatever contradicts them. My belief in the Absolute, based on 
the good it does me, must run the gauntlet of all my other beliefs.” 


And how does Professor James escape the difficulty ? 
His answer is made in a whisper: 


“Let me speak now confidentially, as it were, and merely in 
my own private person,—it clashes with other truths of mine whose 
benefits I hate to give up on its account. It happens to be associated 
with a kind of logic of which I am the enemy, I find that it en- 
tangles me in metaphysical paradoxes that are inacceptable, etc., etc. 
But as I have enough trouble in life already without adding the 
trouble of carrving these intellectual inconsistencies, I personally 
just give up the Absolute. I just take my moral holidays; or else 
as a professional philosopher, I try to justify them by some other 
principle.” 

This looks very much like a surrender of truth in order 
to let a belief that at the time is profitable, count as a truth. 
And yet woe to any one who would point this out to 
Professor James! He says on page 233: 


“These pragmatists destroy all objective standards, critics say, 











340 THE MONIST. 


and put foolishness and wisdom on one level. A favorite formula 
for describing Mr. Schiller’s doctrines and mine is that we are 
persons who think that by saying whatever you find it pleasant to 
say and calling it truth you fulfil every pragmatistic requirement. 
I leave it to you to judge whether this be not an impudent slander.” 


Professor James is very good-natured and can smile 
at criticism, but here he loses his temper. He adds: 

“The unwillingness of some of our critics to read any but the 
silliest of possible meanings into our statements is as discreditable to 
their imaginations as anything I know in recent philosophic history.” 


Is it sheer modesty when Professor James speaks of his 
discourse as so far having been “crude in an unpardonable, 
nay, in an almost incredible degree’? (p. 33). 

He seems to be in the habit uf sometimes saying what 
he does not mean and then biames the world for misunder- 
standing him. Here is his own statement: 

“T once wrote an essay on our right to believe, which I un- 
luckily called the Will to Believe. All the critics, neglecting the 
essay, pounced upon the title. Psychologically it was impossible, 
morally it was iniquitous.” 


Now it seems to me that the most important sentence 
written in an essay is its title. It is in the light of the 
title that the reader reads the whole essay, and if the title 
reads “The Will to Believe’ it is likely that the author 
really means that which he puts in the most conspicuous 
place. Moreover I would add that although the essay 
may be wrongly entitled “The Will to Believe,” it actually 
reflects the author’s meaning. He has certainly no right 
to blame the readers for misunderstanding him. Never- 
theless Professor James loses his temper and blames his 
critics as “iniquitous.” 

Some of his critics, however, may not have missed his 
meaning when they attributed to him the proposition that 
it is the right of everybody to believe as he wills, and that 
the will (i. e., the idiosyncrasies) of every man is the main 
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factor in the makeup of his belief and that arguments are 
of noavail. Inthe present volume, on page 296, Professor 
James says: 

“In the end it is our faith and not our logic that decides such 
questions, and I deny the right of any pretended logic to veto my 
own faith.” 

Professor James is possessed of an exuberance of tem- 
perament, and in his philosophy temperament rules su- 
preme. He claims for his faith the right to be impervious 
to logic; and he denies the right of any pretended logic to 
veto his own faith. Of course that closes the case and all 
argument must cease. 

In the meantime I must confess that my temperament 
differs, for my convictions have been profoundly influenced 
by logical argument, and there are many other people in 
the same plight as I am. In fact I know that whole na- 
tions have changed their faith under the influence of purely 
intellectual considerations; yea, I have some slight sus- 
picion that Professor James himself can not entirely with- 
draw himself from the influence of logic, and it may be 
a mistake to take his utterances too seriously. 

It may be that even the present book on pragmatism 
contains statements which, by some ill luck, Professor James 
did not mean, and that when we criticize him we stand in 
the same condemnation as the critics of his essay on “The 
Right to Believe.” 

We do not wish to misrepresent Professor James and 
have therefore characterized his pragmatism in his own 
words. We grant that he believes in truth, but his several 
definitions and expositions of his conception of truth are 
either wrong or misleading, and though he may not ac- 
tually deny the objective standard of truth, he elevates 
mere subjective belief to the dignity of the name truth 
which, if this were justifiable, would practically render the 
latter irrelevant. Indeed he glories in this looseness of 
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truth which ignores the ideal of both the objectivity and the 
oneness of truth for the sake of its subjective conceptions, 
resulting in Protean truths in the plural. 


THE PERSONAL EQUATION. 


It is very difficult to obtain objective statements of fact 
because a subjective element enters into every observation 
and consequently also into every presentation of a fact. 
It is the ambition of the scientist to reduce the personal 
element and, whenever possible, to eliminate it. 

Professor James says: 

“Of whatever temperament a professional philosopher is, he 
tries, when philosophizing, to sink the fact of his temperament. 
Temperament is no conventionally recognized reason, so he urges 
impersonal reasons only for his conclusions. Yet his temperament 
really gives him a stronger bias than any of his more strictly ob- 
jective premises. It loads the evidence for him one way or the 
other, making for a more sentimental or a more hard-hearted view 
of the universe, just as this fact or that principle would. He trusts 
his temperament. Wanting a universe that suits it, he believes in 
any representation of the universe that does suit it.” 

This passage contains the key to the philosophical doc- 
trine of Professor James. He possesses a very tempera- 
mental personality, and he judges others from himself. 
Scientific inquiry indeed demands that the scientist should 
sink his own personality before the cause of truth. His 
temperament has nothing to do.with the facts he investi- 
gates; if permitted to interfere with his investigation it 
can only vitiate his arguments and lack of self-control is 
pathological. In Professor James, thought and sentiment 
are so intricately interwoven that his preferences enter into 
his conclusions ; his temperament is always one of his prem- 
ises, and to pass it by in silence seems to him hypocritical. 
He says: 


“There arises thus a certain insincerity in our philosophic dis- 
cussions: the potentest of all our premises is never mentioned.” 
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We do not deny that one’s personal attitude is an im- 
portant factor in life, nor would we object to an author 
who with ability and grace descants on any subject in his 
peculiar characteristic mood, but he must not claim that 
his effusions are philosophy. Let him announce his lec- 
tures as rhapsodies and publish his books under the name 
of poetry; we will gladly welcome him as the creator of 
a new department in literature. But it is not philosophy. 
and least of all, what is so strongly needed in our day, a 
philosophy of science, a philosophy that is worth while 
studying and which is a desideratum of scientists. 

Professor James is an empiricist. He “turns his back 
resolutely and once for all upon a lot of inveterate habits 
dear to professional philosophers. He turns away from 
abstractions. ...from fixed principles, closed systems... . 
He turns towards concreteness and adequacy, towards 
facts, towards action and towards power.” He adds p. 51: 

“That means the empiricist temper regnant and the rationalist 
temper sincerely given up.” 

But the facts of Professor James are not facts in the 
usual sense of the word. They are psychical states, atti- 
tudes, and interpretations of facts. An hallucination is 
most assuredly a fact too. The sensation experienced by 
a man who sees a ghost is a fact; but his experience may 
be the expression of a wrong interpretation. Another man 
under the same conditions may see a shirt on a clothes 
line; that too is a fact and an interpretation. Both facts 
of interpretation appear contradictory, and men of a ra- 
tionalist temper will not rest satisfied until the contradic- 
tion is removed. The pragmatism of Professor James is 
pluralistic, and different interpretations remain peacefully 
side by side. If we can not eliminate the personal equation 
and must accept moods as facts, all interpretations are 
equally true. This renders the conception of truth elusive, 
or as Professor James calls it, “plastic.” 
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THE PLASTICITY OF TRUTH. 


The plasticity of truth makes pragmatism elastic and 
this playing fast and loose with truth is deemed a great 
advantage. It makes “pragmatism a mediator and recon- 
ciler,” for ‘she ‘unstiffens’ our theories” (p. 79). Thus 
it is possible that pragmatism may be acceptable to all,— 
the materialist and the spiritualist, the infidel and the un- 
believer, the skeptic, the mystic, the visionary, and what 
not. We are told: 


“It has no dogmas, and no doctrines save its methods. As the 
young Italian pragmatist Papini has well said, it lies in the midst 
of our theories, like a corridor in a hotel. Innumerable chambers 
open out of it. In one you may find a man writing an atheistic 
volume; in the next some one on his knees praying for faith and 
strength; in a third a chemist investigating a body’s properties. 
In a fourth a system of idealistic metaphysics is being excogitated ; 
in a fifth the impossibility of metaphysics is being shown. But 
they all own the corridor, and all must pass through it if they want 
a practicable way of getting into or out of their respective rooms.” 


The excuse for ignoring the ideal of truth, so important 
in our conception of the world, is stated by Professor James 
as follows: 

“The ‘absolutely’ true, meaning what no farther experience 
will ever alter, is that ideal vanishing-point towards which we im- 
agine that all our temporary truths will some day converge. It 
runs on all fours with the perfectly wise man, and with the abso- 
lutely complete experience; and, if these ideals are ever realized, 
they will all be realized together. Meanwhile we have to live to-day 
by what truth we can get to-day, and be ready to-morrow to call 
it falsehood.” 


I would not characterize the ideal of truth by which I 
understand that solution of a problem which is predeter- 
mined, as “the ‘absolutely’ true.” There is nothing “‘ab- 
solute” in it, and by using the word “absolute” (albeit not 
in its proper meaning, but in a loose way in the sense of 
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“positive’), we introduce an idea which spreads vague- 
ness. It makes a final truth appear as an “ideal vanishing 
point,’ 1. e., an unrealizable quantity at an infinite distance. 
I grant Professor James that “we must live to-day by what 
truth we can get to-day,” but I deny that we must “be 
ready to call it falsehood to-morrow.” This view is based 
upon an utter misapprehension of the nature of truth. 

I beg leave to belong to the old-fashioned people who 
still believe that all truths must agree and that the truth 
of yesterday will be the truth of to-morrow. Here lies the 
rock of ages which is the basis of science. If this rock 
should prove an illusion, then indeed pluralism would be 
established for good, and pluralism would look very much 
like nihilism. But let us hear what Professor James has to 
say on the variability of truth: 


“Ptolemaic astronomy, Euclidean space, Aristotelian logic, scho- 
lastic metaphysics, were expedient for centuries, but human ex- 
perience has boiled over those limits, and we now call these things 
only relatively true, or true within those borders of experience. 
‘Absolutely’ they are false; for we know that those limits were 
casual, and might have been transcended by past theorists just as 
they are by present thinkers.” 





We will take up each single statement by itself. 


PTOLEMY AND COPERNICUS. 


Ptolemaic astronomy was not true at the time of Ptol- 
emy; it never was true, nor ever will be true. What from 
our standpoint Professor James can reasonably mean is 
this, that Ptolemaic astronomy satisfied certain demands 
of scientific inquiry in the time when Alexandria was flour- 
ishing. It summarizes certain facts in a better way than 
was done in the views that were held by Ptolemy’s prede- 
cessors except Endoxus who seems to have been nearer the 
truth than Ptolemy. Only in so far as it systematized some 
observations, can we say that the Ptolemaic system was 
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correctly formulated; but it was not true even at the time, 
because it did not satisfy all observations, and the astron- 
omy of that age had to slur over those observations which 
clashed with the theory. But Ptolemy and his followers 
“had enough trouble in life already without adding the 
trouble of carrying these intellectual inconsistencies.” 
Their calculations were sufficiently complicated and so they 
took a holiday and thought that their system worked well 
enough for their own needs. In other words they turned 
pragmatists and ceased to trouble about consistency. 

We might enter here upon a discussion of the right to 
choose a point of reference. We have a right to use the 
earth as a point of reference as did the Ptolemaic astron- 
omers; and we have a right to use the sun as our point 
of reference as did Copernicus. The former is as much 
justified as the latter, and the advantage of the latter con- 
sists solely in rendering the calculation more simple. That 
is true enough according to assumption, but to use this as 
an argument for the purpose of making Ptolemaic astron- 
omy appear to be as true as the Copernican system would 
be mere quibbling. This inability to take the right point 
of reference which would render the calculation of the 
planetary movements simple, is exactly what constituted 
the fault of Ptolemaic astronomers, and veiled from them 
the fact that the earth is a planet among the other planets. 

We do not deny that the progress of science is by ap- 
proximation, and the Ptolemaic system is indeed an ap- 
proximation of the attempt to calculate and predict certain 
events in the starry heavens; but one of its premises was 
wrong, and it prevented its supporters from solving the 
astronomical problem satisfactorily. This wrong premise 
which was their idea of the fixed position of the earth in 
the center of the solar system, was eliminated by Coper- 
nicus who recognized that the earth had to be classed to- 
gether with the planets, and the problem was finally solved 
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by Kepler through the formulation of the laws which bear 
his name. 

Kepler has definitely solved the problem. He has not 
solved all the problems of astronomy, but [ would like to 
see the astronomer who would be ready to call the three 
laws of Kepler falsehoods to-morrow. 

The same may be said of the problem of the acceleration 
of gravity. Gravity itself taken as'a fact, the Newtonian 
formula is final. It satisfies all instances of gravitating 
bodies. The question of fact “why does gravity act at 
all?” remains, but that being granted as a matter of fact, 
the formula is valid. 


EUCLID AND ARISTOTLE. 


The last century has witnessed a remarkable progress 
in mathematics and logic in the invention of non-Euclidean 
geometries and the suggestion of new truths in logic, and 
this is used to advantage by Professor James to prove the 
plasticity of truth. He says: 

“How plastic even the oldest truths nevertheless really are has 
been vividly shown in our day by the transformation of logical 
and mathematical ideas, a transformation which seems even to be 
invading physics.” 

Does Professor James mean to say that Euclidean ge- 
ometry and Aristotelian logic have ceased to be true? 
Scarcely. Euclid’s geometry holds good to-day as well 
as in Euclid’s time, and the same is true of Aristotle’s 
logic. Professor James himself knows it, for he adds: 

“The ancient formulas are reinterpreted as special expressions 


of much wider principles, principles that our ancestors never got 
a glimpse of in their present shape and formulation.” 


A wider interpretation of an old truth does not make 
the old truth false, but widens and deepens our compre- 
hension of it. That is a big difference, and the same is 
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true of all truths. A truth once positively proved to be a 
truth is and will remain a truth forever. 

But what of the discovery of new facts such as the 
R6ntgen rays, and radium? Do they not upset science and 
render the most basic truth antiquated? We can hear 
this statement often enough, but we have not yet seen the 
day on which it was verified. The discovery of new facts 
may upset pet theories of ours, but it will never upset old 
truths, not even those which have become paleontological 
with age. If formulas describe certain features of facts 
without any admixture of theory, they will remain true 
forever. In case we should learn something about the 
ultimate constitution of matter which would reveal to us 
the secret of gravity, we would not have to discard the 
Newtonian formula of the mutual attraction of masses as 
a falsehood, but we would see its truth in a clearer light. 
In other words, we would not replace one truth that has 
become antiquated by another truth that is more up to 
date and happens to agree with the present fashion of 
our intellectual atmosphere, but we would add to the old 
truth a new truth, and the unity of all the truths we know 
would thereby only become the more apparent. 


MATERIALISM AND SPIRITUALISM. 


Professor James knows how to put his paints on thick, 
and so his pictures exhibit strong contrasts. He generally 
omits the softer tones between the opposites and so fails 
to find that the truth lies in the middle. Take for instance 
his ingenious description of materialism (on pp. 92-93) 
which is contrasted to theism and spiritualism. 


“Philosophical materialism is not necessarily knit up with belief 
in ‘matter,’ as a metaphysical principle. One may deny matter in 
that sense, as strongly as Berkeley did, one may be phenomenalist 
like Huxley, and yet one may still be a materialist in the wider 
sense, of explaining higher phenomena by lower ones, and leaving 
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the destinies of the world at the mercy of its blinder parts and forces. 
It is in this wider sense of the word that materialism is opposed 
to spiritualism or theism. The laws of physical nature are what 
run things, materialism says. 

“The highest productions of human genius might be ciphered 
by one who had complete acquaintance with the facts, out of their 
physiological conditions, regardless whether nature be there only 
for our minds, as idealists contend, or not. Our minds in any case 
would have to record the kind of nature it is, and write it down as 
operating through blind laws of physics. This is the complexion 
of present-day materialism, which may better be called naturalism. 
Over against it stands ‘theism,’ or what in a wide sense may be 
termed ‘spiritualism.’ Spiritualism says that mind not only wit- 
nesses and records things, but also runs and operates them: the 
world being thus guided, not by its lower, but by its higher ele- 


ment.” 


According to Professor James every naturalist would 
have to be classed with the materialists, and according to 
his division, which with all its faults and in spite of its 
being based upon a wrong generalization has the advan- 
tage of a drastic vividness, | would myself count as a 
materialist. And yet I protest against calling the laws 
of nature blind, and while I would attempt to explain 
higher phenomena from lower ones I would not have the 
higher degraded into the lower. Man does not become a 
brute if his pedigree can be traced back to brute animals 
and still further back to moners or amcebas. For all that, 
man’s soul has been molded not by matter but by the forma- 
tive factors of the world in which all things exist and move 
and have their being. 

The romantic temperament of Professor James appears 
not only in his spiritualism but also in his theology, for 
even here pluralism enters. He says: 


“Monotheism itself, so far as it was religious and not a scheme 
of classroom instruction for the metaphvsicians, has always viewed 
God as but one helper, primus inter pares, in the midst of all the 
shapers of the great world’s fate.” 





i eh eat la Gis 


SFT 








350 THE MONIST. 


RELIGIOUS PROBLEMS. 


Pragmatism applied to religion has great advantages. 
Says Professor James: 

“Tt follows that in the religious field she [pragmatism] is at a 
great advantage both over positivistic empiricism, with its anti- 
theological bias, and over religious rationalism, with its exclusive 
interest in the remote, the noble, the simple, and the abstract in the 
way of conception. 

“In short, she widens the field of search for God. Rationalism 
sticks to logic and the empyrean. Empiricism sticks to the ex- 
ternal senses. Pragmatism is willing to take anything, to follow 
either logic or the senses and to count the humblest and most. per- 
sonal experiences. She will count mystical experiences if they 
have practical consequences. She will take a God who lives in 
the very dirt of private fact—if that should seem a likely place to 
find him. 

“Her only test of probable truth is what works best in the 
way of leading us, what fits every part of life best and combines 
with the collectivity of experience’s demands, nothing being omitted. 
If theological ideas should do this, if the notion of God, in particular, 
should prove to do it, how could pragmatism possibly deny God’s 
existence? She could see no meaning in treating as ‘not true’ a 
notion that was pragmatically so successful. What other kind of 
truth could there be, for her, than all this agreement with concrete 
reality?” 

The issue between atheism and theism, and materialism 
and spiritualism, before the tribunal of pragmatism be- 
comes “little more than a conflict between esthetic prefer- 
ences” (page 94). Professor James says: 


“What practical difference can it make now that the world 


“The pragmatist must consequently say that the two theories, 
in spite of their different-sounding names, mean exactly the same 
thing..... 

“And how, experience being what is once for all, would God’s 
presence in it make it any more living or richer? Candidly, it is 
impossible to give any answer to this question..... 

“Thus if no future detail of experience or conduct is to be de- 
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duced from our hypothesis, the debate between materialism and 
theism becomes quite idle and insignificant. Matter and God in that 
event mean exactly the same thing—the power, namely, neither 
more nor less, that could make just this completed world—and the 
wise man is he who in such a case would turn his back on such a 





supererogatory discussion.” 


It would seem quite indifferent then whether God or 
law, or matter, or energy, or whatever other principle 
ruled the world. Professor James says in this connection: 


“Doing practically all that a God can do, it is equivalent to God, 
its function is a God’s function, and in a world in which a God 
would be superfluous; from such a world a God could never law- 
fully be missed.” 


Pragmatism recognizing the plurality of truths need 
not be consistent, and so Professor James sees nevertheless 
a difference between materialism and spiritualism, and he 
gives his preference to the latter, not because he can prove 
that it is truer but because spiritualism is a doctrine of 
promise, of hope, of consolation, and the same is true of 
some other metaphysical problems, such as free will, design 
in nature etc. 

Professor James says: 

“Materialism means simply the denial that the moral order is 
eternal, and the cutting off of ultimate hopes; spiritualism means 
the affirmation of an eternal moral order and the letting loose of 
hope..... 

“Spiritualistic faith in all its forms deals with a world of prom- 
ise, while materialism’s sun sets in a sea of disappointment..... 

“Free-will thus has no meaning unless it be a doctrine of re- 
ines 

“Other than this practical significance, the words God, free-will, 
design, etc., have none.” 


Professor James appears to have an aversion to argu- 
ments. They smack of intellectualism which is an abomi- 
nation in his eyes. His preference is based upon senti- 
mental grounds. 
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It stands to reason that those who have worked out doc- 
trines and theories and dogmas, who have endeavored to 
have them promulgated, adopted and believed in, have done 
so because they were conscious of the practical significance 
of their propositions, but Professor James imputes to them 
the idea that they have lost sight of facts, and that their 
ultimate questions are “something august and exalted above 
facts.” His pragmatism only gives meaning to theories 
which otherwise would have been senseless. He says: 

“See then how all these ultimate questions turn, as it were, 
upon their hinges; and from looking backwards upon principles, 
upon an erkenntnisstheoretisches Ich, a God, a Kausalitatsprinsip, 
a Design, a Free-will, taken in themselves, as something august and 
exalted above facts——see, I say, how pragmatism shifts the em- 
phasis and looks forward into facts themselves.” 


We cherish the opinion that every belief has been 
framed with a practical intent (or in adaptation to Pro- 
fessor James we may say, for a “pragmatic” purpose) and 
in order to find out the significance of a theory we ought 
to see how it works. The intellectual struggle concerning 
God, the soul, and immortality have not been mere quibbles 
in our opinion, and we trust that the problems of philos- 
ophy can be correctly formulated and solved. 

I believe that we can define God in terms of experience 
and say with exactness what is true of the idea of God 
and what is not true. I believe myself that the theist and 
the atheist may come to terms, but two contradictory ideas 
can not for that reason both be true. An idea (such as the 
God idea) may be approximately true. It may contain an 
important truth dressed up in an allegorical garb. The 
atheist is right when he negates the allegorical formulation 
of it, he is wrong when he negates the spirit of the dogma; 
and vice versa, the theist is wrong when he insists on the 
allegory as being literally true, but he is right when he 
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recognizes the essential part of it that is backed up by facts, 
and insists upon it.® 


MR. CHARLES S. PEIRCE’S TYCHISM. 


Our readers may have noticed that since “pragmatism” 
has become the watchword of a new and popular movement 
with which Mr. Peirce, the inventor of the term, does not 
appear to be in full accord, he has introduced the word 
“pragmaticism” as if to point out the difference between 
his own philosophy and that of Professor James. 

I regret that I shall not be able to enter here into a 
discussion of the views of Mr. Charles S. Peirce whose 
conception of the instability of natural laws is one of the 
most original and most ingenious theories ever brought 
forth. I will only briefly refer our readers to the vigorous 
controversy with him which has appeared in The Monist,° 
where he defends the doctrine of tychism versus necessi- 
tarianism, while I take the opposite position. Mr. Peirce 
believes that natural laws are the product of evolution. In 
the beginning there was Chance (Tyche). Chance is not 
subject to law, it is free as we know spirit to be. Chance 
acts arbitrarily but gradually it took on habits and habits 
became more and more solidified and hardened into laws. 
Hence the order of the universe is not the cause of evolu- 
tion but its product. 

It is not impossible that Professor James follows Mr. 
Peirce, for there is a passage which seems to justify this 
assumption. Professor James says on p. 249: 

“Between categories fulminated before nature began, and cate- 


gories gradually forming themselves in nature’s presence, the whole 
chasm between rationalism and empiricism yawns.” 


In another passage (p. 158-9) we read: 


*For details see my discussions on the God problem, especially in The 
Monist, Vol. 1X, p. 106. A book on the subject is in preparation. 


——— The Monist, Vol. II, pp. 321 ff., 442 ff.; and III, pp. 526 ff. and 
571 ff. 
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“With the whole of past eternity open for our conjectures to 
range in, it may be lawful to wonder whether the various kinds of 
union now realized in the universe that we inhabit may not possibly 
have been successively evolved after the fashion in which we now 
see human systems evolving in consequence of human needs. If 
such an hypothesis were legitimate, total oneness would appear at 
the end of things rather than at their origin. In other words the 
notion of the ‘Absolute’ would have to be replaced by that of the 
‘Ultimate.’ ” 

The language of Professor James is poetic, not exact. 
What he means is not that the rationalist (i.e., a man 
like Kant) believed that the categories fulminated before 
nature began, but that the categories, or better the entire 
cosmic order, is an eternal condition uncreated and in- 
destructible,. while the empiricist (or the pragmatist) be- 
lieves that the categories are a product of evolution. 

We may incidentally call our readers’ attentions to the 
first chapter in Prof. Benjamin Peirce’s Analytic Mechan- 
ism, where the father of the founder of pragmatism utters 
a few brief suggestions which seem to have taken deep 
root in the soul of his son. Benjamin Peirce regarded 
“matter as inert” and thought that “force may be regarded 
as having a spiritual origin.” 


THE ENEMIES OF PRAGMATISM. 


Pragmatism is a philosophy manufactured to suit all; 
it is pluralistic and tolerates any amount of diversity of 
opinion; it ought to have no enemies, for every one can 
be, and according to Professor James ought to be, a prag- 
matist; but his book on pragmatism is in parts extremely 
pugnacious, his enemies being the monist, the rationalist, 
the intellectualist, and their ilk. For reasons unknown to 
me Professor James complains most of the monists. He 
says: 

“The temper of monists has been so vehement, as almost at 
times to be convulsive.” 
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Iam sure I aminnocent. The present article is my first 
attack on pragmatism. 

It is strange that the pragmatist welcomes every one 
except men of theory, and to them he imputes all kinds of 
erroneous notions. 

The reader will ask why the pragmatist who welcomes 
every vagary of the human mind and whose tolerance is 
unbounded, should decry in pretty harsh terms monism, 
intellectualism and rationalism. Pragmatism, according 
to Professor James, is the philosophy of temperament, of 
mood, of personal attitude, and so he naturally resents 
whatever would put a check upon the liberty of his prefer- 
ences. He imputes to the intellectualist the slogan: 


“Down with psychology, up with logic, in all this question!” 


Professor James himself wants the vagueness of psy- 
chological moods recognized as philosophy, and he scorns 
logic. He has no patience with a thinker who demands 
consistency or endeavors to systematize the plurality of 
facts. Scientific exactness appears to the pragmatist as 
mere pedantry. Professor James says: 


“The actual universe is a thing wide open, but rationalism 
makes systems, and systems must be closed.” 


Professor James’s philosophy can dispense with system. 
He says: 


“We measure the total character of the universe as we feel it, 
against the flavor of the philosophy proffered us, and one word is 
enough. 

“*Statt der lebendigen Natur.’ we say, ‘da Gott die Menschen 
schuf hinein,—that nebulous concoction, that wooden, that straight- 
laced thing, that crabbed artificiality, that musty schoolroom product, 
that sick man’s dream! Away with it. Away with all of them! 
Impossible! Impossible!” 


The pragmatist says, “Gefiihl ist Alles—we need nei- 
ther intellect, nor reason, nor a systematization of facts, 
nor theories, nor abstractions. We live in facts.” 
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Professor James censures some views with regard to 
the importance of the intellect and the indispensableness 
of reason, which are commonly held by believers in monism, 
but these propositions are so strangely adulterated with 
notions which are scarcely held by any one, that we wonder 
who these sorry enemies of Professor James may be, and 
we are inclined to regard them as men of straw who do 
not possess a concrete existence. 

We are told that according to the intellectualist “truth 
means essentially an inert static relation” (p. 200), and 
in another passage that, “for the rationalist it remains a 
pure abstraction to the bare name of which we must de- 
fer” (p. 68). 

It is difficult to find out who is meant be intellectualists 
and rationalists, for we have yet to meet the man to whom 
truth remains “a pure abstraction” or who would insist 
that truth should be “inert.” Clifford has already pointed 
out with great clearness that every scientific truth is a 
norm of conduct and can be expressed as such. Further 
it is a truism that scientists formulate truths in abstract 
terms, but they always bear in mind that their formulas 
are generalizations from actual facts, and that they de- 
scribe certain features of reality. The truth or untruth | 
of these formulas depends upon the correspondence of the 
ideas with the facts in question. Truth accordingly does 
not reside in the abstraction alone, but depends upon the 
relation of the abstraction to facts. Cancel the facts, and 
where is truth? 

Theories are attempts at explaining facts by the as- 
sumption of other facts. If these other facts are verified, 
the theory is regarded true and may then be justly called a 
law of nature. A law of nature is always (or at least should 
be) a systematic description of a certain group of facts. 

We often hear abstractions and generalizations de- 
nounced as empty, but that is merely the prattle of those 
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who do not know that all abstractions signify definite fea- 
tures of facts. 


THE PHILOSOPHY OF TOLERANCE. 


In the April Monist Professor John E. Boodin, of the 
department of philosophy at the University of Kansas, con- 
tributed an article on “Philosophic Tolerance” which is 
very well written and shows the inclination of the writer 
to the pragmatic movement. The title is significant, and 
the essay might be called a pragmatic rhapsody. It is 
pleasant reading, and I am sure that no one can read it 
without enjoying both the style and the thoughts of the 
essay. Nevertheless it is not philosophy, and pretty though 
it is as a literary composition, it becomes warped by its 
philosophical claim, which is exactly the same fault which 
we find with Professor Boodin’s master, Professor James. 

In this pragmatic interpretation philosophy has given 
up its ambition to become a science. It has no dogmas, no 
doctrines, no position either to defend or to attack, and so 
it is tolerant. Professor Boodin claims that “philosophy 
like poetry and art, when it is genuine, is only the expres- 
sion of the mood of a soul.’’ Mr. Boodin wants to procure 
for philosophy the same variety that is possessed by art. 

With reference to art and poetry Professor Boodin 
says, “We do not demand rigid consistency here,” and he 
longs for plasticity in philosophy too, saying, “Why should 
not every sincere man express his philosophy that seems 
reasonable to him at the time?’ We answer that he most 
assuredly may, but the expression of moods will be a poor 
contribution to philosophy as a science, in fact it would be 
no philosophy whatever. It would be a soi disant philos- 
ophy, a poetic expression of a transient Stimmung, a 
sentiment. 

Far be it from me to denounce or object to poetical ex- 
pressions of our moods; they are quite legitimate in the 
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domain of belles lettres. I would not even find fault with 
any one for calling them philosophy or philosophical effu- 
sions, but I do object to regarding them as the philosophy 
that has come to supersede all other philosophies, denying 
that there is a true philosophy, a philosophy as a science, 
or as we call it, the philosophy of science. 

Pragmatism claims to be tolerant. It is tolerant of all 
philosophies that are merely subjective expressions of per- 
sonal idiosyncrasies. Mr. Boodin asks, “Why are they 
not all true, in so far as they are really genuine and really 
express human nature, then and there?” This tolerance 
means that whether true or untrue in a scientific sense, 
they are all on one level, and according to our old-fashioned 
conception of truth, this is practically a declaration that 
all philosophies are subjective, all are castles in the air. 

This attitude of pragmatism is about the same as if 
somebody were to declare that in the realm of science 
astronomy and all different astrological systems are of 
equal value. There are no real laws of nature; all laws of 
nature are mere approximations. From this standpoint 
the astrologer might have something to say about “the 
materialism” of the astronomer who assumes that the 
stars run their courses according to “the blind laws of 
nature,” but one ought to be as tolerant with the astron- 
omer as with the different astrological interpretations of 
the planetary movements, viz., the Babylonian system 
which looks. upon the stars as gods, the medieval method 
which believed in some mysterious influence of the several 
planets upon the lives of men, and the modern astrologer 
who tries to adapt the medieval traditions to the modern 
conception. 

If it were true, as Mr. Boodin says, that “Truth is at 
best experimental,” there would indeed be no reason to 
turn our backs upon the old superstitions. It would be 
an indication of our intolerance. The magus of ancient 
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Babylon, and the astrologer of the Middle Ages, and 
finally the occultist of to-day, each in his way proclaims 
that there is some pragmatic meaning in the positions of 
the planets, and we ought not to say that their efforts are 
futile, for, says Mr. Boodin, “nothing can be more fatal 
than stopping the experiment.” 


CONCLUSION. 


There is no need of prolonging the discussion. With 
all my admiration for Professor James I can not take 
kindly to his pragmatism, and must openly confess that 
his loose way of philosophizing does not exercise a whole- 
some influence on the young generation. If Professor 
James were right philosophy as a science would not and 
should not exist, for all that were left of philosophy would 
be subjectivism, which means an expression of our attitude 
towards the world. There would be as many philosophies 
as there are personal idiosyncrasies, and even every indi- 
vidual would not always remain the same but have dif- 
ferent moods. We would all be pragmatists, and we 
would all exercise the utmost mutual tolerance, for we 
would grant the privilege to every one to regard his 
thoughts as true,—true to him and true at least at the 
time. We would draw the line only when we meet with 
people who have the impudence to believe in the objec- 
tivity, the permanence, the reliability of the truth, and 
demand consistency in all statements of truth. In other 
words, the sentimental and the subjective would be su- 
preme, while an objective knowledge of truth would be- 
come a matter of indifference. 

Professor James is a fascinating personality, original 
and interesting in his very vagaries, genial and ingenious, 
versatile and learned. He is not scientific in his habits 
of thought, he is not critical, and I have the impression 
that he cherishes a dislike for science. Exactness of 








360 . THE MONIST. 


method seems to hamper his mind and would naturally 
appear to him as pedantry. He loves to indulge in the 
chiaroscuro of vague possibilities, and so he shows a han- 
kering for the mysteries of psychic phenomena, whether 
due to telepathy or spirit communication, as evidenced in 
the case of Mrs. Piper. He would resent to have his 
thoughts restrained by the balance wheel of critique. He 
seems to enjoy being freely moved by the spirit. Ina 
word, his temper is not scientific but that of a poet or 
prophet. He loves to be guided by inspiration. Being in- 
spired, he is himself inspiring. Hence his unusual mag- 
netism, and hence also the success of a philosophy which 
he has made his own. 

In the philosophy of a man like William James the 
personal equation is the most important item, and he judges 
science and the scientific labors of others after his own 
mode of thought. He does not try to eliminate the factor 
of his idiosyncrasies, and so he assumes that that is the 
normal condition of all thinkers. This is evidenced in his 
book entitled The Will to Believe. This attitude is desi- 
rable in a poet, but not in a philosopher; it is good in 
belles lettres but not in science; and no harm would be 
done if his pragmatism were received simply as an artistic 
movement that has a purely esthetical significance but 
should not be taken seriously. Pragmatism comes with 
the pretense of being taken seriously, and it sweeps over 
the country with the power of a fashionable fad. It claims 
that now at last we have a philosophy that reconciles all 
the contradictory religions and philosophies, that redeems 
the world from the tyranny of definite doctrines, and pro- 
claims a new view of truth, which is no longer final, rigid 
and stable but plastic and may suit anybody in any emer- 


gency. 
Pragmatism insists upon an important truth—a truth 
which is so obvious that it is almost a matter of course; 
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but it emphasizes it so onesidedly that it overlooks a more 
important truth and thereby its very conception of truth 
becomes warped. However, in this way pragmatism ac- 
quires the semblance of originality, of something new and 
unheard of, while in fact it is only a modernized redaction 
of the ancient philosophy of the sophists and of their prin- 
ciple, 
Tavtwv pétpov avOpwros, 


which also is true in a certain sense but becomes a fallacy 
if the onesidedness of the principle is lost sight of. 

Pragmatism has appeared cometlike on our intellectual 
horizon. It flashed up with a sudden fluorescence like a 
luminous fog which through the extent of its broad sweep 
threatens to outshine the old stars of a steadier light. The 
nucleus of the comet is Professor James, brilliant but 
erratic; and he is attended by the tail of his many ad- 
mirers and imitators, all aglow with the stir of their mas- 
terly enthusiasm, and the world stands open-eyed at the 
unprecedented phenomenon. 

Professor james prophesies: 


“The center of gravity of philosophy must therefore alter its 


place..... 
“Tt will be an alteration in ‘the seat of authority’ that reminds 


one almost of the Protestant Reformation. And as, to Papal minds, 
Protestantism has often seemed a mere mess of anarchy and con- 
fusion, such, no doubt, will pragmatism often seem to ultra-ration- 
alist minds in philosophy. It will seem so much sheer trash, philo- 
sophically.” 


We answer with Professor James who continues, 


“But life wags on.” 


Cometlike pragmatism has appeared, and we venture 
to predict that cometlike it will fade again after a while. 
Personally I have a decided liking for Professor James, 
and I am sure that in expressing it I voice the opinion of 
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many. I have met him repeatedly and have felt the sym- 
pathetic charm of his personality. I wish him all possible 
success and the honor of merited renown. I hope that for 
the rest of his life he will remain as buoyant and spirited 
as he has ever been, and will meet with unlimited recog- 
nition. But for all that I can not agree with or accept the 
philosophy of the great Harvard Professor, and I go so 
far as to look upon its wide acceptance as a symptom of 
the immaturity and naivété that obtains sometimes even in 
the professional circles of our universities. 

With all due respect for Professor James, for whose 
extraordinary and fine personality I cherish an unbounded 
admiration, I must confess that I would deem it a mis- 
fortune if his philosophy would ever exercise a determin- 
ing and permanent influence upon the national life of our 
country. 

EpITor. 














HEREDITY RELATED TO MEMORY AND IN- 
STINCT. 


T is a weakness of our scientific methods that they 
sometimes render us more intent upon theories of ex- 
planation than upon the recognition of facts. The instinct 
of causality dominates the other faculties of the mind and 
leads us to disregard the phenomena which we have no 
theories to explain. 

Science has been defined as knowledge of causes, but 
unless the search for causes is preceded by knowledge of 
facts we soon wander into barren wastes of speculation. 
The history of philosophy warns us that the human mind 
is not to be trusted far from facts. After a few devious 
inferences our bearings are hopelessly lost. Logical con- 
sistency in the manipulation of abstract terms does not 
square us again with realities. As soon as we admit into 
our reasoning anything for which we have no familiar 
analogy or mental picture our conclusions also partake 
of the nature of abstractions. Our concrete problem be- 
comes a metaphysical deduction, and our results have little 
or no value for practical application. 

The literature of evolution and heredity affords many 
instances where zeal of explanation has outrun interest 
of perception and even beguiled us into greater obscurity. 
Answers have been announced before we knew how to 
frame the questions. Something has been learned regard- 
ing the external circumstances attending heredity, but we 
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can not yet claim to know anything regarding the ultimate 
mechanism, the structures and activities of the protoplasm 
through which the biological function of descent is ac- 
complished. The free use of the scientific imagination has 
yielded only conjectures at once inadequate and improb- 
able. 

Heredity is our general name for the internal factors 
or agencies of descent, by which organisms are produced 
from other organisms in unbroken series. To call heredity 
a law or a principle avails us nothing; as yet it is only 
a word, a collective name for a group of phenomena which 
we do not understand. Heredity and reproduction, descent 
and evolution, are not separate phenomena, but mark 
rather the different standpoints from which we study the 
same processes of organic succession. Under the name 
heredity we seek to know the internal cellular and proto- 
plasmic agencies which make reproduction effective for 
descent. The parents reproduce themselves in their off- 
spring through the medium of heredity. 

It is often supposed that heredity concerns likeness 
only, and that differences between offspring and parents 
mark failures or lapses in heredity. But if we are ever 
to understand heredity we must take facts as they are 
and not vitiate our judgment by preconceived opinions, such 
as the traditional idea of an agency which would make 
organisms alike, in exact duplications. That heredity does 
not do what we may have supposed, affords no reason for 
refusing to believe that the phenomena of heredity are 
concrete, and the processes truly physiological. To deny 
that heredity exists is merely to wipe the previous con- 
jectures from the slate, but the problems remain to be 
solved. The like-from-like equation gave us no hope of 
a solution, for it did not represent the facts. 

What we really need to understand is the making of 
unlike from unlike, for this is what happens in the world 
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of organic nature. It is this kind of heredity which we 
seek to bring into relations with other groups of phenom- 
ena. We would know whether there are any familiar 
facts or functions which heredity resembles, whether there 
are any analogies which enable the problems of heredity 
to be stated more nearly in terms of experience, instead of 
being viewed so completely in the abstract. 

Of the nature of the material “basis or mechanism of 
memory we know as little as of the structure of matter, 
but we are much better acquainted with the workings of 
memory. The phenomena of memory lie partly within the 
field of consciousness, close to the citadel of our intelligence, 
and afford more definite analogies with heredity than those 
drawn from physics and chemistry. Heredity we observe 
from without, but of memory we have experience from 
within. This experience should make us more tolerant of 
some of the facts of heredity—facts which we commonly 
fail to recognize, because we are unable to describe and 
explain them in the mechanical terms to which some would 
restrict the vocabulary of science. 


PARALLELS BETWEEN HEREDITY AND MEMORY. 


All are aware of the power to recall and reproduce be- 
fore the mind impressions of events long passed. It is 
also a matter of common knowledge that impressions may 
be temporarily lost, beyond the control of the conscious, 
voluntary memory, though still retained by the subcon- 
scious memory. We know that we have met the man and 
heard his name, and are sure that the impression remains 
in the mind, though momentarily unable to reproduce its 
original surroundings. 

Of all the multitude of impressions stored in the mind 
only two or three can be brought simultaneously into con- 
sciousness, for comparison or expression. To have fre- 
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quent occasion to recall a fact gives facility in reproducing 
that particular impression, but impressions may also re- 
main unrecalled for many decades without being lost or 
weakened. They may come back vividly in dreams or in 
abnormal mental states, after years of absence from the 
conscious mind, or even when normal consciousness is en- 
tirely unable to recall them. 

Parallel phenomena abound in the field of heredity, 
the organic memory of descent. The failure of an an- 
cestral character to be expressed in a particular plant or 
animal is no indication that this character will not be 
transmitted to subsequent generations, and regain expres- 
sion in some of them, even very remote. 

When the crossing of two varieties of domesticated 
plants or animals yields something different from either, 
but more like the wild type of the species, we call this a 
reversion, a turning back on the ancestral pathway, though 
hundreds of generations may have intervened since the 
primitive character last came into visible expression. Thus 
Darwin found that the crossing of two white varieties of 
pigeons might result in blue hybrids, like wild rock pigeons. 
Similar results have been reported with many animals and 
plants. The mingling of varieties may recall characters 
long omitted from expression, but still preserved in trans- 
mission. Other reversions occur spontaneously, without 
crossing, sometimes when external conditions remain uni- 
form, but more abundantly with change of conditions. If 
the diversities of the ancestral stocks are unknown to 
us we are led to suppose that new characters are pro- 
duced in mutations and hybrids, but many of these have 
proved to be reversions, and the rest may be of the same 
nature. : 
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CHARACTER TRANSMISSION DISTINCT FROM CHARACTER 
EXPRESSION. 


To find that transmission is distinct from expression 
does not solve the problem of heredity; it only enables us 
to state our questions to better advantage. To be aware 
that our equations contain two kinds of unknown quanti- 
ties, instead of one, may be quite a& helpful as in algebra 
in determining the missing factors. Comparison of he- 
redity with memory is useful if it enables us to distin- 
guish better between the two kinds of facts which we 
have been attempting to explain by one kind of heredity. 
Heredity, like memory, is a complex of two distinct 
groups of phenomena. Transmission inheritance corres- 
ponds to the subconscious memory, expression inheritance 
to the conscious memory. The subconscious, involuntary 
memory is the faculty which receives and retains impres- 
sions of all that passes before the senses; it is quite in- 
dependent of the other process of voluntary memory, the 
recalling of past impressions, illuminated by the search- 
light of consciousness. The catacombs of the mind are 
only partially wired for this voluntary illumination; of 
the other records we have only casual glimpses, often when 
we least expect them. 
An event can not be remembered unless the necessary 
impressions have been received, but it is not the lack of 
impressions which so narrowly limits our field of knowl- 
edge. The impressions we receive vastly outnumber those | 
we can recall, just as the transmitted characters greatly | 
exceed those expressed in any individual plant or animal. | 
The coming of a character to visible expression in an 
organism is a process distinct from the transmission of 
characters. Transmission implies only the basis of ex- 
pression, the passing from one generation to another of 
the power to produce a certain characteristic. Whether 
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the possibility is realized or remains in abeyance, depends 
on other factors, on internal expression relations and some- 
times on external conditions. 

Current theories of heredity do not take into account 
these two distinct processes, transmission and expression. 
Diversity among the offspring of the same parents is now 
ascribed to differences of transmission; the germ-cells are 
not supposed to convey full complements of the parental 
characters, according to the theory of Mendelism. 

It often happens in crosses of varieties with definitely 
contrasted differences that the character of one parent 
remains entirely in abeyance in the first generation, while 
the other character gains exclusive expression, but the 
abeyant character reappears in about one-fourth of the 
second generation. Mendel sought to explain the pro- 
portions of the contrasted characters in the second gene- 
ration by his theory of alternative transmission by pure 
germ-cells. Units representing the characters of the two 
parents were supposed to be separately conveyed in equal 
numbers of the germ-cells produced by the first generation. 
About one-quarter of the chance matings among two kinds 
of pure germ-cells would result in bringing together germ- 
cells containing the unit of the abeyant character, and this 
would explain its reappearance in one-quarter of the sec- 
ond generation. 

For mathematical purposes the doctrine of pure germ- 
cells leaves nothing to be desired, but the biological facts 
are not equally accordant. Mathematical problems are 
usually capable of a considerable variety of solutions, so 
that a simple numerical coincidence can hardly be accepted 
as proving the nature of Mendelism, and still less as 
demonstrating the existence of character-unit particles and 
their alternative transmission in pure germ-cells, as gen- 
eral principles of heredity. 

Biological facts warrant a different conception of the 
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facts of Mendelism and other phenomena of descent. Each 
normally produced germ-cell can be thought of as receiv- 
ing and transmitting the characters of both the parents, 
as well as those of more remote ancestors. Transmission 
inheritance may be thought of as inclusive, complete and 
permanent, like the subconscious memory. The assump- 
tion of character-unit particles and of their separate trans- 
mission becomes entirely unnecessary as soon as we asso- 
ciate the Mendelian phenomena with other well-known 
facts of reversion, which prove that characters can be 
transmitted without being brought into expression, not 
only for one generation or a few, but for large numbers 
of generations. 

The facts of Mendelism do not prove that the germ- 
cells are pure, in the sense of being able to transmit only 
one of the contrasted characters. They indicate only that 
the germ-cells have different expression relations, half of 
them tending to express one character, the other half the 
contrasted character. Alternative expression accommodates 
the facts of Mendelism better than alternative transmis- 
sion, for it is frequently found that the germ-cells supposed 
to be “pure” have in reality transmitted the contrasted 
character, to reappear unexpectedly in some later genera- 
tion. 


DIVERSITY OF CHARACTER EXPRESSION A NORMAL PHE- 
NOMENON. 


Though the formal distinction between expression and 
transmission remained to be drawn, the facts have long 
been recognized in connection with sexual characters. Dar- 
win and others have appreciated that peculiarities of the 
secondary characters of one sex can be inherited through 
the opposite sex, without being brought into expression. 
Sexual diversity, like Mendelism, is a phenomenon of alter- 
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native expression of contrasted parental characters. Di- 
verse parents produce equally diverse offspring, and in 
equal numbers. Sexual diversities are usually very much 
greater than those of the contrasted characters of the 
Mendelian hybrids. Mendelism shows that alternative ex- 
pression is not limited to sexual characters, but appears 
in connection with many kinds of differences, including 
those which distinguish varieties of domesticated plants 
and animals. 

The accurate balancing of the Mendelian proportions 
may not be frequent in nature, for natural species com- 
monly show more numerous alternatives of expression. 
They are seldom limited to the Mendelian condition of 
contrasted pairs of characters, but have a rich diversity 
of combinations of alternatives and proportions, so that 
no two individuals are exactly alike. 

Diversity, even among the simultaneous offspring of 
the same parents, should not be thought of as abnormal, 
and does not require us to predicate diversity of heredity, 
in the sense of transmission. Individual diversity in the 
expression of characters is like that of the many eye- 
witnesses of an event who give widely varying accounts 
from memories of closely similar visual impressions. The 
conscious memory often supplies only dim or disconnected 
outlines, allowing details to be elaborated by the imagina- 
tion, in accordance with interest or prejudice, or capri- 
cious associations of other ideas. Imagination may even 
prove stronger than direct perception, as when one sub- 
stitutes words and changes constructions in reading from 
the printed page. 

Likewise with organisms, expression seems never to 
coincide completely with transmission. Fluctuation of ex- 
pression relations is a principle of normal descent. Mem- 
bers of a species are alike only in comparison with mem- 
bers of other species; among themselves they are end- 
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lessly diverse. Individuals do not show the same com- 
binations and proportions of characters as any of their an- 
cestors or relatives. Each represents a new selection of 
details from the transmitted history of the evolution of the 
species. 


ENVIRONMENTAL ALTERNATIVES OF EXPRESSION. 


There is no completely fixed individual inheritance, 
no absolute predetermination in the germ-cells of the char- 
acters which shall be brought into expression in adults. 
When germ-cells of different varieties are united in con- 
jugation, characters may be brought into expression which 
neither of the partners would have shown if joined with 
a mate of its own kind. And long after the germ-cell 
stage is passed it is still possible for one pattern of con- 
struction to be substituted for another, either as a reg- 
ular incident of development or through change of con- 
ditions of existence during the growth of the individual. 

All the characters developed by an insect during the 
larval period may be thrown aside at the time of meta- 
morphosis to bring into expression an entirely new equip- 
ment, adapting the reorganized creature to different habits 
of life and a different place in nature. Young junipers 
and eucalypts produce for several years one kind of leaves 
and then change suddenly to the very different foliage of 
the adult type. Some amphibious plants have two distinct 
forms of leaves which alternate with each change of habi- 
tat, from land to water or from water to land. 

External conditions can influence the expression of 
characters in individual organisms, but need not be reck- 
oned as agencies affecting transmission heredity. Exter- 
nal conditions do not cause the characters of organisms. 
Change of weather may cause umbrellas to be substituted 
for parasols, but we do not say that weather makes um- 
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brellas and parasols, or the wit to use them. Characters 
are changed to adjust organisms to different environments, 
but such accommodations are not imposed from without, 
but are put forth from within. They represent alterna- 
tives of expression, brought out from large stores of trans- 
mitted ancestral diversities. Expression inheritance, like 
the needle of a compass, is susceptible to external in- 
fluences which do not affect the dial of transmission he- 
redity. 

All the characters of organisms can be thought of as 
transmitted by like processes of heredity, and as having 
been acquired by like processes of evolution. Yet char- 
acters differ greatly in their expression relations, not only 
in different species and varieties, but even in the same in- 
dividual, under different conditions, or at different times in 
its life-history. 

Mutilations and direct results of environmental limi- 
tations or accidents, do not represent characters of organ- 
isms, and have nothing to do with heredity, but all char- 
acters which organisms bring normally into expression 
appear to be capable of transmission. Character-alterna- 
tives subject to environmental influence are not less truly 
characters of the species than those expressed in all in- 
dividuals. Alternative characters represent a more spe- 
cialized and useful form of expression inheritance, and 
enable the species to exist under a wider range of con- 
ditions. A plant able to change readily the size and tex- 
ture of its leaves may thrive both in sun and shade, while 
a less versatile species may be restricted to one condition 
or the other. 

If all alternative characters had relation to environ- 
ment the theory of external causation would appear better 
justified, but the fact is that the sexual and other non- 
environmental diversities among the members of a species 
are often much greater than the variations they show in 
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accommodating themselves to external conditions. Ex- 
pression inheritance is unlike the needle of the compass in 
having power of independent motion, without external 
interference. Internal expression relations have to be rec- 
ognized as able to maintain alternations of characters, 
without reference to environmental conditions. 


CHARACTER REVERSION LIKE MEMORY FATIGUE. 


The conscious memory becomes fatigued through long- 
continued exercise on one set of impressions. The im- 
pressions are not destroyed by this fatigue, but the re- 
calling of them becomes distasteful. An increased amount 
of voluntary attention is required to prevent the wandering 
of consciousness to other kinds of impressions. Recreative 
diversity of interests is a principle of psychological hygiene. 
A fixed idea, the persistent direction of consciousness upon 
one fact or group of impressions is an abnormal mental 
state, soon leading to still more definitely pathological con- 
ditions. 

On the side of heredity, similar fatigue phenomena 
may be recognized. - Selective narrow-breeding renders 
organisms more and more uniform. One set of characters 
is repeated in the successive generations of the selected 
stock, and the other alternative features left in abeyance. 
Uniformity in the expression of one set of characters may 
increase the agricultural value of the variety, but the re- 
striction of expression to a narrow range of characters 
results in a weakened vitality, and a lessened rate of in- 
crease. 

Limitation to one set of characters brings, in other 
words, an expression fatigue. Even the uniformity is 
seldom complete, but continues to be broken by reversions, 
that is, by the occasional production of individuals in 
which the former alternatives of expression reappear. Re- 
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versions are often more vigorous than the narrowly se- 
lected parental stock, and may serve to originate new agri- 
cultural varieties, especially when they “‘come true” from 
seed, as in the plant reversions now often described As 
mutations. Reversions become more and more abnormal 
as the expression fatigue increases and the natural free- 
dom of alternatives of expression is gradually lost. 

Expression fatigue also brings a gradual narrowing 
of the range of conditions under which the variety remains 
normal and uniform. With many closely selected varieties 
of plants seed has to be raised in one particular locality. 
Even a slight change in the expression of the environ- 
mental characters is likely to disturb the processes of de- 
scent and reveal their degenerate state. Sometimes the 
removal of selected varieties to new conditions calls forth 
large numbers of degenerative variations, and sometimes 
a notable change occurs in a whole planting, as though a 
simultaneous mutation of all the individuals had taken 
place. 

The fixing of characters within too narrow limits, like 
the fixing of ideas, leads ultimately to the derangement 
of the structure, by the loss of the normal alternatives 
of diversity. Variety is not only the spice of life, as 
the adage says, but it is a necessity of normal existence, 
not for man alone, but for the whole organic world. Sta- 
bility of characters in organisms is not normally main- 
tained by “identity of form and structure” among the mem- 
bers of the species, but rather by a natural tendency to 
vary and alternate along a specific range of diversity. 
This range of normal diversity represents the true evolu- 
tionary characters of the species, rather than the peculiar- 
ities of any single individual or of some narrowly selected 


group. 
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EVOLUTION OF MEMORY THROUGH INSTINCT. 


Heredity, instinct and memory represent a truly evolu- 
tionary sequence of specialization. Structural coordina- 
tions of organisms with their environments we ascribe to 
heredity, while coordinations of activity are called in- 
stincts, but there is no essential difference. Instinct is a 
part of heredity which determines functions, even after 
structural development is complete. Structure-building 
by heredity, and muscular contractions determined by in- 
stincts, depend alike on internal activities of cells. 

Heredity adapts the mouths and muscles of embryonic 
mammals for sucking, and it also supplies the wholly un- 
conscious new-born young with instincts to use these com- 
plex milk-extracting appliances. Instinct does for the in- 
fant what memory does for the adult. Instincts not only 
resemble memory, but share the same functions; they have 
been aptly described as the memory of accumulated an- 
cestral experience. The memory-organs, like other parts 
of the body, are formed through heredity, and doubtless 
represent a specialization of some of the functions of primi- 
tive cells. Heredity itself is the primitive cell-function 
which memory most nearly resembles, and the instincts 
afford the connecting link between heredity and memory, 
indicating a developmental relation. 

Though more helpless at first than the lower animals, 
man is able to remember and compare his experiences, 
and thus develops gradually an adaptive judgment more 
effective than the most complex of animal instincts. The 
individual animal acquires from experience only a slight 
addition to the highly-specialized instincts already supplied 
by heredity. Memory of individual experiences remains 
relatively useless among the animals because their actions 
are still under the almost exclusive control of the hered- 
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itary instincts, and are not readily accommodated to par- 
ticular cases. 

Instinct, like reason, is a form of intelligence, but a less 
adjustable form. The special senses and natural cunning 
of animals often exceed those of their human competitors, 
but man more than makes up in resourcefulness what he 
lacks in instinct. Perhaps there were limits to the number 
and complexity of instincts which germ-cells could trans- 
mit. In any event, an alternative form of intelligence was 
attained through the postnatal development of specialized 
memory functions. The unconscious memory which suf- 
ficed for the guidance of inherited instincts was eventually 
supplemented by the conscious memory, needed for re- 
calling and comparing impressions in the making of rea- 
sonable inferences. In advanced civilizations conscious 
memory and rational inferences may completely over- 
shadow the instincts, but criminals and victims of diseases 
or drug's often show the instinctive cunning of animals and 
savages. Conscious memory is thus traced back through 
unconscious memory to find its prototype in the inherited 
instincts. 


CONSCIOUSNESS NOT A GENERAL PROPERTY. 


The details of such a process as swimming may be 
developed by frequent repetition from a conscious memory 
into an unconscious, instinctive action. From such facts 
it has been inferred that the subconscious instincts of man 
and the lower animals began as conscious voluntary ac- 
tions and developed gradually into unconscious hereditary 
instincts. Eminent biologists have argued that conscious- 
ness must be reckoned as a universal property of proto- 
plasm, because organisms of all kinds are capable of pur- 
poseful instinctive acts. 

This reasoning reverses the probable course of evolu- 
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tion. That conscious actions may become instinctive 
through repetition does not prove that consciousness was | 
developed before instincts. It may show only that the | 
original relations of the two phenomena are sometimes 
reversible. Animals with the most highly specialized in- 
stincts show no traces of the consciously adaptive intelli- 
gence required by the theory. 

Consciousness is evidently a product rather than a 
cause, something superposed upon heredity, instinct and 
memory. The human personality exerts a voluntary con- 
trol and coordination of activities which in all other organ- 
isms remain instinctive and largely mechanical. The won- 
der is not that conscious acts sometimes become uncon- 
scious, but that unconscious acts ever become conscious. 


PLACE MEMORY LIKE HEREDITY OF CELL ARRANGEMENT. 


Some of the most specialized forms of memory are the 
least conscious, such as those enabling animals to preserve 
their geographical relations and return to places whence 
they have come. Birds traverse continents and seas and 
return the next year to nest in the same tree. Accurate 
unconscious memory of time and place are also human 
talents. We may be able to recall only a few of the more 
striking objects encountered in a day’s wandering in the 
forest, but by the unconscious record we can retrace all 
our steps and find the lost object or secure more specimens 
of the rare plant or animal. From the standpoint of 
consciousness such phenomena are quite as mysterious as 
the hereditary return of the offspring through structural 
wanderings, to the organic status of the parents. 

To what extent place memory may be joined, like the 
instincts, to the hereditary memory, is not yet known. The 
memory function of brain-cells may represent, after all, 
only a specialization of the heredity functions of the germ- 
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cells, just as muscle cells represent a specialization of the 
primitive power of contraction. Our bodies are built of 
specialized germ-cells, in which primary reproductive func- 
tions have been replaced by accessory reproductive func- 
. tions. Our genealogy as organisms is not to be traced 
back to the inferior types which are formed without con- 
jugation or in the intervals between conjugations. The 
bodies of the higher plants and animals are conjugation 
products in another and more thorough sense of the words, 
for they are formed while conjugation still continues, by 
subdivision and specialization of the united germ-cells.* 

The descent function of the germ-cells appears more 
complicated than the functions performed by other cells and 
tissues of the body, but it is a primitive and general func- 
tion, rather than special or local. The new body is built 
up through a series of subdivisions of the conjugating 
germ-cells. The heredity function is not confined to the 
germ-cells, but is passed along down all the lines of cells 
till the final product, the adult body, has been built. There 
is no reason to suppose that the new organism is preformed 
in the germ-cells. Nor have we any indication that the 
germ-cells contain any special substances or mechanisms 
not to be found in other cells. 

The matured body-cells of the highest organisms still 
have enough of the generative power in reserve to repair 
injuries. Among the lower animals and plants larger parts 
can be restored, and even complete bodies reproduced from 
small fragments. This power of regenerating lost mem- 
bers marks a primitive state, rather than an adaptive con- 
dition developed through natural selection. Adaptive spe- 
cializations of cells, as among the higher organisms, tend 
away from regeneration. From historical and evolution- 
ary standpoints the germ-cells do not appear more special- 


* Cook, O. F., and Swingle, W. T., 1905. “Evolution of Cellular Struc- 
tures,” Bul. 81, Bureau of Plant Industry, U. S. Department of Agriculture. 
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ized than the body-cells, but less specialized. Studies of 
body-cells and their relations may prove quite as signifi- 
cant for. heredity as studies of germ-cells. 


SPECIALIZATIONS OF HEREDITY IN HIGHER ORGANISMS. 


As we ascend in the scale of organization the cells of 
the body become more specialized and their power of giv- 
ing rise to new sex-cells is more restricted. In the highest 
types the original reproductive function of most of the 
body-cells is lost. They have no longer a complete biolog- 
ical existence, since they leave no offspring of their own. 
Like the sterile worker bees of the hive, they function only 
as parts of an organization. 

The fact that conscious memory is not inherited does 
not destroy the analogy with heredity, nor lessen the pos- 
sibility of common origin. Memory and consciousness, 
like physical strength, are functions of the specialized cells 
which no longer serve for reproduction, but must develop 
anew in each individual, through proper nourishment and 
exercise. The instincts are carried along and repeated in 
each generation, but the record of memory is furnished 
only in blank. The heredity memory provides brain-cells 
for the personal memory, but leaves them without the an- 
cestral equipment supplied with the instincts. The power 
to remember and act upon individual experiences thus ap- 
pears as inversely related to the power to forget and dis- 
regard the ancestral experience; it substitutes the mem- 
ory of recent impressions for instincts relating to the 
past. 

If memories were transmitted as effectively in man as 
the instincts are in the lower animals, we would be in the 
same plight as they, for the nonadjustable instincts of 
the animals are often worse than useless outside the con- 
ditions in which they were developed. The memories would 
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not pertain to the existing conditions and would have less 
value as the basis of judgment than those we individually 
accumulate. We would be burdened with useless histor- 
ical details, like the primitive peoples whose educational 
efforts are spent in the memorizing of genealogies, rather 
than in training in the arts of life. 

Even the most civilized nations have yet to put behind 
them the superstitious notion that minds must all be sub- 
jected to some particular system of training, or that there 
is some particular body of knowledge with which all brains 
must be stocked. Our young people no longer memorize 
genealogies, but most of their educational activities are 
applied in directions as little related to the life of the com- 
munity. In the world of ideas we still waste much in ef- 
forts to preserve useless relics of the past, like the sav- 
ages who have not learned the art of burial, but drag 
their dead about with them, to the detriment of the liv- 


ing. 
CONSCIOUSNESS AND EVOLUTION. 


Man is by no means so deficient in instincts as our con- 
ceit often leads us to claim. Instincts are the background 
of consciousness. Pleasure can be defined biologically as 
the satisfying of instincts, and vice as the perversion or 
unbalancing of instincts, by which they cease to serve their 
natural purpose in the economy of life, or become unduly 
developed, to the detriment of other tendencies and func- 
tions. 

The highest power of the personal will is to choose 
among the instincts, to determine which are to be served 
and developed, which to be avoided, deferred or suppressed. 
Judgment is weaker and more fallible than instincts, but 
when instincts are in conflict judgment can call them into 
court to compromise their differences, instead of surren- 
dering the interests of all to the blind slavery of a single 
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usurper, whether in the form of superstitious fear, or of 
some more obviously physical gratification. Animals, chil- 
dren and savages often enjoy being frightened. Fear is 
a normal and useful instinct which seeks occasional exer- 
cise, but interferes with evolution if too much indulged. 

Instincts of the utmost utility to savages may become 
useless or even harmful for civilized man, and tend toward 
elimination. Other instincts of small significance in bar- 
barism are being developed with the better opportunities 
afforded by civilization, such as the instinct of causality, 
the basis of scientific investigation. Right proportions 
among the instincts are quite as important as in the phys- 
ical body, if the organism is to accomplish its normal 
functions. Heredity bears upon human welfare through 
the instincts even more than through the bodily features, 
for the range of variation in instincts is far wider, and they 
are equally heritable. 

As the lower forms of memory serve only for the rec- 
ognition of something actually present, so the lower forms 
of instincts and of consciousness deal with facts only from 
the standpoint of the narrow selfishness of the individual. 
Finally, a higher stage of personality is reached, and the 
range of interest gradually widens to include all human 
relations. Evolution passes to the conscious plane. We 
seek to know the good and evil of existence, to avoid its 
limitations and to realize its possibilities. 

In more complete consciousness lies the only security 
of human progress. We must appreciate our human birth- 
right, and open the eyes of our understanding upon the 
problems of our own existence. Thus far human institu- 
tions and societies have developed by the same unconscious 
evolution as plants and animals, and with the same high 
percentage of fatalities from over-specialization in wrong 
directions, economic, social, educational and religious. It 
is not sufficient that sages and reformers shall frame sys- 
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tems good for their own ages and generations, and estab- 
lish them by arbitrary regulations. The spirit of true prog- 
ress seeks to assure its steps in the light of full, scientific 
knowledge. Virtues of one age may become vices of an- 
other, if they set limits to evolution. 

It is this larger consciousness that now gives a prac- 
tical value and a pressing importance to the study of evo- 
lution. The motive is no longer a mere curiosity to know 
whence we have come or whither we are tending, but the 
realization that acts may determine the fate of tendencies, 
not only for individuals, but for nations and races.: Con- 
sciously or unconsciously, evolution is a process of choice. 
We have now reached the stage of development in which 
the choice can be made conscious. 

With every advance in the scale of development the 
problems of existence are vastly multiplied, and the chan- 
ces of further progress decrease. The mere multiplication 
of species or elaboration of local differences, such as those 
distinguishing tribes of Indians and other primitive peo- 
ples, may signify little in evolution. Thousands of spe- 
cies and tribes are sacrificed and extinguished for one that 
develops a new talent and attains a higher stage of exist- 
ence. 

Of all the millions of species that have inhabited our 
earth only one remained on the path that led to the attain- 
ment of consciousness, the rational appreciation of the 
purposes of our acts. Of all the millions of men who 
participated in the ancient Oriental and Mediterranean 
civilizations only one effectively perceived the more funda- 
mental laws of human personality, and opened the way 
toward possibilities of higher development—possibilities 
we have scarcely begun to realize, after nearly two thou- 
sand years. 
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ASSOCIATION IN HEREDITY AND IN MEMORY. 


A final analogy between heredity and memory is found 
in the fact that both are phenomena of association. As the 
mind grows by the accumulation and combination of ideas, 
so does evolutionary progress toward higher types of struc- 
ture depend upon the maintenance of a network of inter- 
breeding which binds the members of a species into a social 
and physiological unity. 

Multiplicity of alternative characters strengthens he- 
redity, just as the association of many impressions renders 
memory more effective. The more we know about any- 
thing the easier it is to acquire additional details. The 
more numerous the characters transmitted, the greater the 
efficiency of the hereditary processes, even though many 
of the characters remain unexpressed. As bicycles and 
gyroscopes require to be in motion in order to maintain 
their equilibrium, so organic stability depends on change. 
The existence of a species is not maintained by uniformity, 
but is supported by diversity, by free alternations between 
many characters. This enables us to understand the other- 
wise useless diversities found everywhere in nature. A 
very large proportion of the characters by which related 
organisms differ have no environmental or other value, 
unless it be this physiological benefit of multiplying diver- 
sities. 

The heredity function degenerates with narrow breed- 
ing, just as the memory becomes enfeebled if associative 
contacts cease. A species is an organization of plants or 
animals, just as the intellect is an organization of remem- 
bered impressions. Evolution is a progressive improve- 
ment of the descent-fabric of a species. The causes of 
evolution are not in the environment, nor in the individual 
organisms, but in the species. A synthetic, constructive 
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process goes on in heredity no less than in the associative 
intellect. 

The combination of characters derived from different 
lines of descent contributes to the progress of heredity, 
but no amount of mere combining of primitive characters 
would fully explain the continued advancement of organ- 
isms in series of new types. New characters arise and 
new functions develop by progressive modifications, just 
as the mind attains new ideas and standpoints, significant 
for intellectual and social progress. 

That evolutionary constructions are unconscious is no 
evidence against their reality. The most effective synthesis 
of mental impressions also takes place unconsciously. We 
return to a task which has received no conscious attention 
for days or weeks, to find that new and vivid associations 
have been formed, or that a more orderly arrangement of 
ideas is ready for expression. We can not voluntarily im- 
agine anything new; otherwise there would be no delay 
in scientific discoveries. New ideas, like other new char- 
acters, are reached by unconscious evolutions and associa- 
tions, coming as accidents and surprises, even to the delib- 
erate investigator. Originality is the power to recognize 
the truth of these unconsciously formed associations, even 
when they diverge from current opinions. The principal 
element in originality is lively interest in the facts, quite 
apart from any question of novelty. 

The claim of psychologists that thought is impossible 
without words overlooks a distinction like that between 
transmission and expression. Words we must have to ex- 
press our thoughts, but the essence of practical and scien- 
tific thinking is the comparison of impressions, and this 
is continually going on in the mind, without words and 
without volition. Formal metaphysical thinking can not 
be done without words, any more than chess can be played 
without a chess-board before the mind. The game of 
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metaphysics is to arrange abstract terms with logical con- 
sistency. Each player lays out his own problems and 
solves them for his own satisfaction. Schools teach this 
word-wrought metaphysical thinking, but it is not the only 
-kind, nor the most effective. 

Words and forms of speech also represent unconscious 
evolutions. Philologists assume that languages must have 
been deliberately contrived because much conscious ingenu- 
ity is needed in describing and comparing the endless com- 
plexities of linguistic forms and structures. Among primi- 
tive peoples it becomes evident that speech grows quite as 
unconsciously as plants or animals. Its development de- 
pends as little upon formal grammar as organic evolution 
upon botany and zoology. Instead of consciousness being 
the cause of language, articulate speech was one of the 
potent factors in the evolution of consciousness. Language 
and consciousness are evolutions of memory. They are 
characters which each individual acquires anew from its 
environment, by the aid of hereditary organs and instincts.” 

Words are symbols by which ideas are expressed, but 
it would be a mistake to say that ideas are composed of 
words, or that languages originate from words. In order 
to serve the purposes of expression words have to stand 
in relations with other words. In naturally developing 
languages words always come from the modification or 
combination of older words, just as characters come from 
other characters, gradually changed and compounded, but 
not added as new units, like bricks to a house. 

It is equally misleading to say that organisms are com- 
posed of characters, or to suppose that characters have 
any existence apart from the organisms, or that they con- 
stitute distinct entities inside of organisms. Characters 
have significance only in their relations to other characters. 


? Cook, O. F., 1904. “The Biological Evolution of Language.”. The Menist, 
XIV, 481. 
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Words determine the meanings of sentences, but at the 
same time sentences determine the meanings of words. 
Species precede and give rise to characters, just as 
ideas and languages generate new words. After being 
developed and brought into use, words and ideas are ca- 
pable of ready recall and repetition. Likewise, the alter- 
native characters of a species can return abruptly into ex- 
pression, but this does not prove that either characters or 
species are suddenly evolved. Only the formal species or 
concepts defined in systematic monographs can be said 
to consist of characters. The physiological and evolu- 
tionary species is made up of organisms related to each 
other in a gradually changing network of descent. 


CONCLUDING SUMMARY. 


All the forms of memory, instinct and heredity, repre- 
sent, we may believe, the workings of organic mechanisms, 
though we know nothing of the nature of such mechanisms. 
It has not been determined whether they pervade all the 
protoplasm of the cells or are confined and specialized in 
particular parts or particles in the cells. It is likewise un- 
certain whether they are formed of solids or liquids, solu- 
tions, enzymes, or other colloids. They may also depend 
upon electrical or radiant conditions of matter, or upon 
other states or properties with which we are still unac- 
quainted. 

Of the nature of heredity, as a substance or mechanism 
for the predetermination of characters, we gain no sus- 
picion. We are free to use any comparison or apply any 
analogy that helps to illustrate or associate the facts. We 
have learned that the phenomena of heredity are not all 
of the same kind, but fall into two groups, like those of 
memory. There is a more comprehensive and permanent 
transmission heredity, independent of the expression in- 
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heritance of successive generations. Characters can be 
transmitted without expression, just as sense-impressions 
can be retained in the mind without being registered or re- 
called by the conscious memory. 

Transmission inheritance is not limited to the char- 
acteristics of one individual any more than memory is re- 
stricted to the small group of impressions which can be 
called before the mind at one time. Uniformity of trans- 
mission does not interfere with diversity of expression. 
As memory may preserve the whole experience of the 
individual, so heredity may cover the whole evolution of 
the species. 

The details of structure, arrangement and coordina- 
tion of all the cells of the body, and of their countless varia- 
tions, are transmitted by a single microscopic germ-cell, 
so infinitely compact is this capacious mechanism of de- 
scent, of whose nature our clumsy imaginations fail to 
frame any conception. 

Facts are not limited by our power to understand them; 
it is our understanding which remains limited if we fail 
to recognize the facts. Theories of heredity which lead 
us to neglect ascertained facts of descent are worse than 
useless. We do not yet know what heredity is, but we 
should not refuse to perceive what heredity does, nor neg- 
lect to associate it in our minds with other familiar facts. 
Memory and instinct present phenomena of like complex- 
ity, and are related to heredity in evolutionary sequence. 


O. F. Coox. 
WasHINcTON, D. C. 





























THE THIRD MOVEMENT OF THE EARTH. 


[During the World’s Fair at St. Louis the Editor of The Monist renewed 
acquaintance with a French professor, M. C. A. Guerard, who at that time 
was in charge of a planetarium that had been built for the special purpose of 
exhibiting a working instance of a condition in our planetary movements, 
which the discoverer, M. P. Beziau, calls “the third movement.” An in- 
spection of the “Demonstrator,” as M. Beziau calls his planetarium, showed 
that this third movement is a truth demonstrable through the facts of planetary 
rotations which will at the same time easily explain the retrograde movement 
of some of our planets. It is strange that this third movement has not found 
the recognition which it appears to deserve. 

Upon further inquiry the Editor made the acquaintance of M. Beziau 
himself who is a man of peculiar talents. He is not a professional astronomer, 
but an able mechanician who has devised his Demonstrator all by himself and 
has constructed the machinery so as to exhibit this third movement, which is 
of great importance in our explanation of the several planetary ecliptics, and 
will enable us to predict the fate of our world in coming millenniums. 

M. Beziau’s theory has been discussed in astronomical circles of France, 
and M. Flammarion has spoken of it in high terms and given it a good 
recommendation. If it has not been noticed in broader circles it is probably 
due to the fact that M. Beziau is not a specialist in astronomy and that at the 
same time he possesses a streak of mysticism which makes him in many re- 
spects uncritical. In a personal interview with the Editor for instanée, M. 
Beziau expressed a belief that the ancient Hindus, Egyptians, and Assyrians 
possessed a knowledge of this law which later became obscured through cen- 
turies of ignorance. This theory he founds on the evidences of mystical recon- 
structions of ancient history, the authority of which he seemed to accept with- 
out criticism. But while M. Beziau is apparently onesided, our confidence in 
his theory has not been shaken, and we believe that it deserves the attention 
of the world. Accordingly, we have taken pains to procure a sufficiently 
detailed and accurate statement of it, presented in his own words. It has 
been translated by Miss Lydia G. Robinson from the report of an interview 
made by M. Léon Maillard for the Revue Illustrée, and we submit it here 
for those competent to judge of the merits of M. Beziau’s hypothesis.—Eb.] 


HE Demonstrator consists of a glass globe represent- 
ing the sun, which stands isolated in the center of 
a table; a car supporting a hollow metal circle crossed by 
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an axis passing through the smaller globe at its center 
which represents the earth; and at the end of the axis is 
fastened a stem parallel to the circumference of the circle 
and bearing at its end the small moon which is to play its 
part as satellite to the earth. The motion is controlled by 
a chain and the power may be furnished by electricity or 
by hand. There is a crank by means of which the apparatus 











THE DEMONSTRATOR. 


may be set in motion in whatever direction and at what 
ever angle is desired. | 

If we make the apparatus move continuously and con- 
fine ourselves especially to examining the different posi- 
tions of the earth, a part of the mysteries which sleep in 
the depths.of the geological ages will be unveiled before us 
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with the same facility that some celestial mysteries will be 
disclosed. 

Let us place the axis of daily rotation at the actual 
angle of inclination of the earth, 23° 27’. It is now in the 
act of straightening itself into the vertical position. What 
will be the consequences of this straightening, for the 
various latitudes? At the equator the sun will deviate less 
and less from the equatorial line which it will not leave 
again while the axis is perpendicular. For this latitude 
this will be the period of excessive heat. 

On the other hand the two poles will become cold as 
a consequence of this straightening. They will pass through 
the most rigorous glacial period when the axis is perpen- 
dicular. In fact the poles will not see the sun again. The 
ice cap will be of considerable extent. It will form a 
powerful condensor where the vapors of the torrid zone 
will be solidified. The glaciers will descend from the 
poles, approaching each other as they have already done to 
about 60°. 

When the axis is perpendicular what will the tempera- 
ture be at 45°? It will be the same all the year around, 
mild in the plains without rising, and low in the mountains. 
The evaporation being very great, the glaciers will de- 
scend from the mountain peaks. They will invade the 
plateaus to the extreme limits that they have formerly oc- 
cupied. This will be the period of the most universal gla- 
cial extension. 

If the axis continues its motion, the angle of inclination 
will change. The glaciers will draw back from the poles 
and the mountains and be reduced to their present extent 
when the axis will again have reached the position of 23° 
27’, but it will continue farther in its movement, and the 
glaciers will continue to withdraw. 

When the inclination reaches an angle of 45° there 
will cease to be any remnant of the ice age upon the earth. 
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The poles will be entirely freed, the winters will be dry and 
the summers warm. At the poles a day will be three 
months long, and will be followed by a night of the same 
length. This will be the period in which the existence of 
life will be developed most generally over the entire surface 
of the earth. The poles will again be covered with luxu- 
riant vegetation. 

Continuing its motion, the axis will later assume a hori- 
zontal position. What will be the effect of this position 
upon the temperature at different latitudes? Each year 
the equator will see two long winters and two very short 
summers. For this latitude it will be the period of the 
greatest glacial extension. The glaciers will descend from 
the mountains. The lowest part of Africa and Asia which 
is to-day covered with sand will be covered with water. 
The poles at this time will experience a very exceptional 
temperature. Each will have an alternate day and night 
of six months. We can have no idea of the degree of tem- 
perature which the atmosphere can attain during this day 
of six months, when the sun’s rays will be directed verti- 
cally upon the ground. It is by this high temperature that 
I explain the excessive expansion of the soil by which Nor- 
wegian lands have been raised 150 meters and those of 
Canada 300 meters above sea-level. 

Another geological mystery is explained by this hori- 
zontal position of the axis of diurnal rotation. (It is only 
this axis that we shall discuss. It serves us as a point of 
reference.) Geologists have ascertained that our rivers 
in the distant past contained twenty times as much water 
as they do to-day; they have even proved several periods 
of extensive water courses. These periods have taken 
place when the axis occupied the horizontal position. 

During the long night which covers one of the hemi- 
spheres while the other is bathed in solar rays the vapors 
become condensed and snow accumulates in large quanti- 
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ties. But all the snow melts at about the same time when 
the sun rises to the horizon, and the result is an extraordi- 
nary inundation occurring alternately in the two hemi- 
spheres. 

But let the axis still continue its motion and for the 
second time it will begin to occupy all the several positions 
which we have observed. In the time of a complete rotation 
it passes through two horizontal periods and two vertical 
periods. 

We have noticed that the periods of great glacial exten- 
sion at the poles were simultaneous with each other, but 
not with the equator. For a long time men have sought 
in vain the explanation of the discoveries made by explorers 
in the polar regions. This explanation will now be dis- 
closed very naturally. 

We have seen that the poles pass successively through 
the glacial and estival periods. Is it then surprising that 
vestiges of vegetation have been found at the poles under 
the ice that exists there to-day, and the relics of mammothks 
and fossils under the vegetable mold? The sudden dis- 
appearance of the mammoth in Siberia may be explained 
very simply. It was not at a very remote age, the date can 
be fixed at about fifty thousand years ago. 

You are familiar with the fact that the earth turns 
upon its axis in twenty-four hours, the axis being inclined 
at an angle of 23° 27’ with reference to the perpendicular 
to its path of rotation around the sun. Every one is famil- 
iar with this rotation. It was the subject of much discus- 
sion in former days, but since the time of Copernicus and 
Galiiei it is no longer disputed. 

But there is another rotation of the earth which al- 
though well known seems to have been forgotten. This 
is the annual rotation. 

You know that in industrial mechanics it is necessary 
at the risk of serious error to refer each movement in 
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rotary movements not to its particular center but to the 
absolute center of the collection of movements. The same 
law governs the movements of the celestial bodies. It is 
by imagining oneself in the center of the sun that the rota- 
tion of the moon was discovered. If. we will observe the 
earth from this central point we will notice that it pre- 
sents successively all the points of its surface to the sun. 
In order to do this it is necessary that it turn upon itself. 
A simple experiment will determine the direction of this 
rotary movement which is distinct from the daily movement 
and its angular velocity of rotation. 

Take in your hand a globe to represent the earth. 
Direct the axis of diurnal rotation towards any point in 


Neptune. 


j 
re Earth. 


The planets change the direction of their rotation 
when their axes are reversed, as is the case with 
screws. 


@U 


space. Stretch out your arm and turn slowly around sup- 
posing yourself to occupy the place of the sun. The globe 
will change its position but with it also will be changed 
the direction of its axis of daily rotation. Evidently this 
is not the way in which the earth turns around the sun, 
but you will succeed in imitating the exact movement of 
the earth if you will communicate a rotary movement to 
the bottom of the globe by the aid of your free hand. The 
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base of the globe will turn in your hand. The movement 
that you will have impelled is a retrograde movement, and 
its velocity is proportionate to your own rotary motion. 
When you will have accomplished a complete rotation you 
will have caused the globe to complete a rotation about it- 
self in the opposite direction from its own rotary move- 
ment. 

Hence the earth rotates upon itself in the opposite di- 
rection from its change of position in space during the 
time that it makes a rotation around the sun. This retro- 
grade rotation is annual. It takes place around an axis 
which is ideal or potential in space, and perpendicular to 
the plane of its orbit. This axis has no fixed point in the 
interior of the earth. Its rotation is common to all the 
planets, wherefore we can formulate the following law: 

The planets turn about themselves on an ideal axis 
perpendicular to the plane of their orbit in an opposite 
direction from their movement around the sun and in a 
time equal to that of their revolution. 

From this movement which is of a purely mechanical 
nature and can be demonstrated geometrically, it results 
that the earth is a free body around its own center of grav- 
ity and that solar action can be felt upon it only by this 
center of gravity. Knowing the resistance offered by 
bodies in rotation when compelled to change the direction 
of their axes, it might be thought that this rotation is the 
result of the diurnal rotation, but it is not confined to the 
earth. The lunar orbit and consequently the moon itself 
are affected by this same rotation, and in analyzing the 
movements of the system composed of the earth and moon, 
we see that this annual rotation could take place even if the 
diurnal rotation were stopped. Its cause lies only in the 
liberty with which the earth plays around its center of 
gravity, on which the central forces act. It is the natural 
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consequence of the movement of the system around the 
sun. 

This study leads us to interesting statements regarding 
central forces. Newton said that if the central forces were 
equal they would destroy celestial movements, and if they 
were unequal they would produce chaos. He seems to 
have stated a dilemma from which there can be no escape. 


cB A 
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S, sun; O, planetary orbit. 


In passing from A to B the planet describes an arc which 
produces centrifugal force. This overcomes gravity and 
drives the planet along the tangent C. The centrifugal force 
ceasing here, gravity acts again and brings back the planet 
over the arc DA where the centrifugal force again origi- 
nates and the same effects are repeated. 


The recognition of this rotation and the analysis of the 
celestial movements give the key of this mystery, and the 
following law which is easily verified may be formulated: 

Central forces act upon each other alternately in in- 
finitely short lengths of time at the point where they are 
in equilibrium. 

In reality the central forces never cease acting upon 
each other but their work is alternately effective. It is 
this alternative work which assures regularity and in- 
definite duration to the movements of celestial bodies. 
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Accordingly we recognize two rotations of the earth. 
Let us try to find the third, but before leaving the retro- 
grade rotation, it is well to consider its motion with relation 
to the earth-moon system. 

This rotation is effected by both bodies turning together 
around the same pivot. Now the conditions of equilibrium 
require that this pivot should be placed not in the center 
of the earth but in the center of gravity common to both 
bodies. This center of gravity lies about 1700 kilom. from 
the surface of the earth and 4600 kilom. from its center. 
But as a result of the change of position of the moon this 
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S, sun; T, earth (7erre); L, moon (Lune); P, P’, the force of gravity (fesanteur). 

The movement of the common center of gravity 

of the earth-moon system causes the principal irregu- 

larities in the movements of the heavenly bodies. 
common pivot is in perpetual motion around the center of 
the earth, or to be more precise, the center of gravity of 
the earth is in perpetual rotation around the common 

center of gravity upon which act the central forces. 

The movements of the two bodies around their common 
pivot are very complex. It is these which have caused the 
principal irregularities. Indeed these alone are the cause 
of the precession, the retrogression of the nodes of the 
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moon, the nutation, the oscillation of the lunar orbit, libra- 
tion etc. 

This hypothesis invalidates the theory of d’Alembert 
on the subject of the precession of the equinoxes which 
he attributes to the action of the sun on the swelling of 
the meniscus of the earth. Any number of objections to 
the theory of d’Alembert may be adduced, but the most 
important is that this theory contradicts Newton’s law. 
It must be abandoned because it is false in that it makes 
the central forces act otherwise than on the centers of 
bodies. 

The movement of precession is caused by the alternative 
action of central forces upon the common center of grav- 
ity of the earth-moon system. It is the logical consequence 
of their equilibrium around this pivot. The central forces 
acting constantly in the interior of the earth upon an 
eccentric instead of acting upon its center of volume, have 
a tendency to displace the direction of the axis of diurnal 
rotation. 

The meniscus of the earth has no more to do with the 
movement of precession than has the diurnal rotation. The 
movement of precession is an irregularity in the annual 
retrograde rotation. Accordingly we are already familiar 
with the fact that the earth has two axes of rotation about 
itself, but we know that a body moving freely around its 
own center of gravity can turn around three axes. 

If we compare the earth to an ordinary body in motion 
we can determine geometrically with the greatest exact- 
ness the position of the third axis, since we know the posi- 
tions of the two first. Only one position is possible for it. 

We see that this axis must be in the plane of the orbit 
from which it can never deviate. Its equator must have 
in its plane the two poles of the axis of diurnal rotation 
that we call the poles of the earth. In this way a move- 
ment of the earth around the third axis must determine 
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a latitudinal change of place of the two poles of the earth. 
An astronomical movement observed for more than four 
thousand years and known under the name of the “diminu- 


“ye 





O, orbit. 
Geometrical position of the three axes and the direction 
of the angular rotations. 
tion of the obliquity of the ecliptic,” has been plausibly at- 
tributed to the equator. Its effect has been to change the 
latitudinal position of the poles. 





MOVEMENT KNOWN AS DIMINUTION OF OBLIQUITY. 
Wrongly attributed to the earth’s orbit. 
The obliquity at present is 23° 27’. As it decreases, the 
earth and its orbit would have to vary from the general law 
of the planets and would move from EP towards EO, which 
is impossible. 
This movement had been attributed to the ecliptic since 
its discovery without profound investigation, and on this 


hypothesis Laplace and Leverrier have rightly limited its 
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extent. They have not considered the hypothesis in which 
the movement would belong to the equator. In that case 
they would be able to limit neither its extent nor duration. 

We know that the first two rotations are common to 
all the planets. All the planets indeed, like the earth, have 
their diurnal rotation and their annual and retrograde ro- 
tation, though with different angular velocities. These 
have been established by observation. The third rotation 
must be observed like the others in the other planets. As 
its effect is to modify the angle of inclination of the axes 
of diurnal rotation on the planes of the orbits, these axes 


S$ EP 








DIMINUTION OF OBLIQUITY. 
If this movement is attributed to the earth itself instead 


of to its orbit, there is no need to vary from the general law 

of the planets, and the axis need move only from to P’ to 

produce a diminution equal to that of the preceding figure. 
must be taken at any time in their rotation and in the 
greatest variety of angles of inclination. This indeed is 
what we have acquired through observation. Jupiter’s 
axis is inclined at only 3°, Mars at 24° 52’, Saturn at 25° 
48’, Venus at 49° 48’, Mercury at 70°, Uranus at 98° 1’, 
and Neptune at 146° 8’, but we know that the satellites 
share all the movements of the planets, and we know in 
mechanics that if a rotary movement of a pole takes place 
from left to right, the same movement from the opposite 


pole takes place from right to left. 
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Again we know that the satellites of Uranus and Nep- 
tune have a retrograde movement. Now if we observe 
the large angle of inclination of the axes of rotation of 
Uranus and Neptune we will notice that these planets ap- 
pear to us in the same position in which the earth would 
be if its south pole occupied the place of its north pole in 
its projection in the midst of the stars. In this position the 
moon would appear to the inhabitants of Mars, for in- 
stance, to turn in the retrograde direction. This change 
of rotation which has so greatly perplexed the astronomers 
would accordingly be most natural. It is the logical conse- 


Neptune 146° 8’ Uranus 98° 1’. Mercury 70°. Venus “~ > 48". 
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Saturn 25° 48’. Mars 24° §2’. . Earth 23° 27’. Jupiter 3°. 


LATITUDINAL MOVEMENT OF THE AXES. 
Shown by the different positions of the planets. 


quence of a complete latitudinal rotation of the planets, 
bearing their satellites with them. 

These three known rotations moreover can establish 
the definition of our globe as follows: 

The earth is a spheroid of revolution, slightly oblate, 
moving freely around its center of gravity, circulating in 
space around the sun and turning upon itself simultane- 
ously with different angular velocities around three axes 


of rotation. 
We know the angular velocity of these three rotations: 
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the first and most rapid takes place in twenty-four hours; 
the second, less rapid, takes place in a year; the third is 
extremely slow and observations unite in assigning to it 
a velocity of 48” a century. Its rotation therefore would 
be accomplished in about 2,700,000 years. 

This rotation can never be observed either in the heav- 
ens or on earth except by the traces which it may leave 
and by the observations which we will hand down to our 
descendants, but it can be easily demonstrated by the laws 
of mechanics, that the observed movement can have no 
other cause. 

After having found the effects of this third rotation in 
the different angles of inclination of the planets and in the 
opposite rotations of the satellites it remains to discover 
evidence of it upon the earth itself, and this is found in 
gradual variation of climate. 

Then, too, I can not help admiring the admirable order 
of Nature in which all her wonders seem to form such a mar- 
velous whole. Has she not combined perfect movements 
with the ideal form of heavenly bodies? A sphere is the 
most simple, the natural form. No other shape can better 
hold together the constituent molecules in a state of stabil- 
ity according to the universal law of gravitation. No form 
could leave a body its absolute liberty around its center 
of gravity better than the spherical form. But if the spher- 
ical form is the ideal form of homogeneity and stability it 
lends itself but poorly to a regular distribution of the caloric 
and luminous rays of the sun on its entire surface. Al- 
though a small part receives vertical rays most of its great 
surface receives the rays from an oblique direction and half 
of the entire surface is completely deprived of them. What 
means, then, has nature taken to distribute light and heat 
upon all the surface of the spherical body? By making it 
revolve around itself. 

But if it turned around only one axis it would still 
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have large surfaces at the extremities of that axis which 
would never receive the light. If it turned around only 
two axes, which might moreover injure its stability, the 
distribution of light would still be incomplete, but it turns 
around three axes, that is to say in all directions at one 
time. 

The earth needs light and heat as much as vegetables 
and animals, but since its form does not permit all portions 
of it to be heated at one time it presents them one after 
another to the life-giving sun. 

To sum up the three rotations: the first rotation (di- 
urnal and nocturnal); the second rotation, of which the 
movement known under the name of the precession of 
equinoxes is an irregularity (annual and retrograde) ; the 
third rotation (secular) is incorrectly attributed to an oscil- 
lation of the earth’s orbit when in reality it is the result 
of the movement of the earth about itself. 


P. BEZIAuv. 


PARIS, FRANCE. 
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WARM EPOCHS AND GLACIAL EPOCHS.* 


HE present epoch which has already endured a vast 
number of centuries was preceded by a glacial epoch 
whose length was also very great but this glacial epoch 
itself was preceded by a warm period, this last by another 
cold period, etc., etc. It has been proved that cold periods 
have continuously alternated with warm ones in the past. 
Investigations in the cave of the Cliffs of Grimaldi 
made under the direction of the Prince of Monaco by the 
Canon of Villeneuve, M. Lorenzi, have brought to light the 
skeletons of men and animals, rudimentary instruments 
and other objects, dating from the warm period which 
preceded the glacial era. This warm epoch was character- 
ized by animals that were not clothed in furs, as were later 
the mammoths and the woolly rhinoceros. Europe was 
inhabited at this time by the primitive elephant, hippo- 
potamus, rhinoceros without the dermal folds, etc. 

The human skeleton found in the Grotto of Grimaldi 
belongs to an inferior race. The dentition of these skele- 
tons is almost identical with that of the native Australians 
of our day. 

We must not conclude from the discoveries that man- 
kind in this distant epoch was represented only by the race 
to which these skeletons belong. We know that the most 
diverse races may have lived at that time just as is the 
case in our own day. The important fact of this discovery 


* Translated from the French manuscript by Lydia Gillingham Robinson. 
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is not in the anatomy of the skeleton, but in the fact of their 
presence in the midst of the relics of animals which charac- 
terize an epoch preceding the glacial era. 

We have known of the existence of this pre-glacial man 
by his instruments of silica which have been found in 
abundance, but this is the first time that the discovery of 
the man himself has been pointed out. It has thus been 
demonstrated that man has lived at least during two great 
periods, glacial and estival, which have preceded our pres- 
ent era. It is probable that traces of his presence will be 
found in epochs still more remote, but the recent discov- 
eries bring under discussion the glacial and estival periods 
whose existance and long duration are unanimously rec- 
ognized to-day. 

The cosmical causes of these great alternating periods 
are of interest in that since they give the explanation of 
past phenomena they will permit us to pursue further phe- 
nomena, and we may prophesy that these periods will be 
reproduced in the future just as they have been produced in 
the past. These great alternating periods are occasioned 
by a rotary movement of the earth about itself with refer- 
ence to latitude. This extremely slow rotation produces 
an adjustment (with relation to the perpendicular to the 
orbit) of the poles around which the daily rotation of the 
earth takes place. 

This constitutes the third rotation of the earth around 
its own center of gravity. We know that the first rotation 
(diurnial) produces the alternations of day and night, the 
second rotation (annual) produces the seasons of each 
year, the third rotation which is slowest of all is also the 
most important. 

It produces seasons which extend through thousands 
of centuries and whose intensity is in no sense comparable 
to that with which we are familiar. Its movement takes 
place at the rate of 46” a century; a complete rotation is 
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accomplished in 2,800,000 years in which interval two 
great glacial periods alternate with two great estival pe- 
riods. This measurement of time permits us to determine 
the precise duration of glacial periods which heretofore 
has been made the subject of much controversy. If we 
assume an intermediate season of equal length between 
the great cosmical seasons, as is the case with our an- 
nual seasons, we see that each of these periods has a 
duration of 350,000 years, and that the making of each 
of these must be felt on the surface of the earth dur- 
ing 200,000 years at least. The stow roation of the 
earth with reference to latitude is known under the name 
of “diminution of the obliquity of the ecliptic.” It has been 
thought that this movement is vibratory, but astronomical 
discoveries have shown that it is continuous and that the 
earth turning around its three axes following geometricai 
laws may be represented by a body freely movable in 
space. 

This rotation explains all the geological phenomena 
which until now have remained shrouded in mystery. It 
also explains the great migrations of mankind, the com- 
mingling of races, etc. It throws a bright light upon the 
history of our planet, and permits us to determine numer- 
ically the different periods which have affected its surface. 


PIERRE BEZIAU. 


PARIS, FRANCE. 














HINTS FOR THE ELUCIDATION OF MR 
PEIRCE’S LOGICAL WORK 


[Charles S. Peirce has undertaken the regeneration of logic, a field that 
has been cultivated by only a few men, such as Boole in England and Schroe- 
der in Germany. It is a work which entails a great deal of abstruse thinking, 
so that any article which would be a contribution to this line of inquiry 
would to the average reader be naturally difficult to understand, if not in- 
accessible. In order to enable our readers to see the significance of Mr. 
Peirce’s investigation, the Editor has asked Mr. Francis C. Russell of Chicago 
to give Mr. Peirce’s article a careful perusal and to provide our readers with 
a popular digest of it so as to point out the aim and course of Mr. Peirce’s 
thought. We hope that this article on “The Amazing Mazes” of Mr. Peirce 
will prove helpful to the readers of The Monist. —Eb.] 


HE card curiosities described in the April number of 

The Monist demand attention only for the sake of 

the remark:that they present in a concrete way compara- 

tively trivial particular instances of the operation of the 

principles. exhibited in the instalment contained in this is- 

sue. But it must not be supposed that the card curiosities 
have been offered to cater to “popular” interest. 

It is one of the cardinal points of the method cham- 
pioned by Mr. Peirce that in so far as the same is possibly 
attainable, reasoning, indeed all serious thought, should 
be iconized (the word is mine but the idea is his); that 
is to say, that the idea dealt with should so far as is pos- 
sible be represented by a sign or sign-complex, fit by its 
constitution to display in detail to the intellect all the essen- 
tial features of the said idea, and especially all the various 
interrelations that subsist between the constituent ele- 
ments thereof; in other words, that the plan, so to speak, 
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of the said idea should be as concretely expressed as pos- 
sible. To this very end Mr. Peirce has invented two 
schemes of logical algebra and two systems of logical 
graphs. Now in the present case the cards used in the 


card tricks fulfil an iconic office. They fulfil it in some 
respects in a superior way. They are not only concrete 


tea Ot 


The frst third of the exposition contained in the pres 


sent number is a purely mathematical account of the phe- 
nomena presented in the manipulation of the cards pur- 
suant to the rules stated therefor, and of the reasons why 
the said phenomena must be so presented. If the article 
contained nothing different in kind than this, while it 
would be a paper highly interesting to mathematical ex- 
perts it would nevertheless not be a paper suitable for such 
a magazine as The Monist. The sum and substance of 
the whole mathematical discussion stated in a summary 
way, is that a sufficient number of repeated dealings of a 
pack or packet of cards (whose order is known to begin 
with) into a constant number of piles according to the 
rules given therefor, together with repeated regatherings 
after each deal in the proper order of starting and follow- 
ing, brings round the identical known order in which the 
pack or packet was arranged at first. 

Those who are antipathetic towards mathematics may 
skim over, or, if they must, may skip altogether this mathe- 
matical third of the article without serious disability for 
the comprehension of the rest which is really the specially 
important text of the article. (It begins at page 432.) 
The mathematical discussion involves recourse to that 
highly recondite region called “The Theory of Numbers” 
and especially to “Cyclic Arithmetic,” a sub-region thereof. 
“Cyclic arithmetic” involves a subsidiary cyclic number 
system, viz., the “cyclic logarithms.” 

Now in these regions of mathematical exploration the 
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explorer has one and only one master key, to wit: that 
operation that ought to be called “Fermatian Inference”’ 
(since it was Fermat that first brought it to light) but 
which is often called ‘mathematical induction” (a ridicu- 
lous appellation) and more often “the inference from 1 to 
n+ 1.” It is plain that it must be a logical transition, 
and it is so analogous to the dictum de omne, the “chain 
of causation,” etc., that the generalizing mind sees that 
there must be a single principle of some kind upon which 
all such mental transitions are founded and by which they 
are justified. 

Now obedient to the generalizer’s prompting, Mr. 
Peirce has in this article proceeded just about as though he 
had put to himself a certain all important logical problem; 
a problem that may be stated thus: 

What is the nature and what are the leading char- 
acteristics of that relation in virtue of which whatever 
is true of its relate term is true also of its correlate term? 

In other words, what is the pure essence of the copular 
relation, what immediate consequences does it entail, and 
how are the same so entailed? 

Dr. Carus has somewhere called special attention to 
a very important and pregnant logical point that has been 
neglected. It is this. 

Every problem, every question, implies assertion of 
some kind or other. Often it implies a good deal of asser- 
tion. Such implicit assertions have their logical conse- 
quences just as do all other propositions. Now the mere 
formulation of the problem above stated supposes and vir- 
tually asserts that there may be, perhaps, a relation of the 
kind described. So Mr. Peirce says (in effect): Put A 
as the name of that as yet unknown relation. This is al- 
together the same step as is taken in algebraic calculation 
when + is put to signify the unknown quantity. So again 
if there be such a relation there must be objects so related. 
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But as yet it is wholly unknown what these objects are and 
how many they are. So M is put to stand for any one of 
these objects, be they many or few or even only one single 
one. So again these objects being, at least, somewhat 
formulated by the relation A, must form some kind of a 
system, although it may turn out to be a system of only 
one member. So K is put to stand for the said system. 

Now all that the formulation of the problem tells us 
about the relation A is that it is such a relation that what- 
ever is true of its relate term is true also of its correlate 
term. So P is put to stand for any predicate whatsoever. 

Now it must be well understood and always in mind | 
that when any two objects, say M and m are in relation | 
there is always not merely one relation but two, viz., the | 
relation of M to m and the relation of m to M. We have | 
a vicious habit of thinking a relation as a betweenness and 
as single. It is often the case that the relation of M to m 
is of the same kind as that of m to M, convertible as it is 
called, but there are two relations nevertheless, viz., the 
direct relation, as, say, M to m, and the converse relation 
m to M. Following the habits of ordinary language with 
respect to the voices of the verb, active and passive, and 
using any relation, say A, to form an example of the ways 
of speech used in respect to the distinction under notice, 
M is said to be “A to” m (or sometimes M “A’s” m) in 
case of the direct relation, and m is said to be “A’d by” 
M in case of the converse relation. 

Then (all the nomenclature and phrasings being under- 
stood) it is plain that the formulation of the problem above 
stated indicates and justifies certain definitional statements 
as follows: 

K is a system of some kind or other. 

K has at least one member, may be several, may be 
a good many, even an infinity. 

The members of K are formulated by the relation A. 
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A is a relation such that any member M of K that may 
exist is “A to” one member m (at least) of K and in every 
case of the relation M is “A to” m, or what is the same 
thing in every case of the relation m is “A’d by” M, then 
if M is P, finally in virtue of the relation A, m is also P. 

To say that m is P because of both these, viz., (1) that 
m is “A’d by” M and (2) that M is P, is no other than to 
say that m being in the relation A to M, to suppose that 
m was not P would be to compel the supposition that M 
was not P also. The object here is to bring into bold 
relief if possible that the relation A is such a relation that 
all possibilities are covered by the alternative m is P or 
else M is not P; that is to say, if m is “A’d by” M then 
either it is untrue that M is P or it is true that m is P. 
The nature of the relation supposed compels this. This 
is a point to be seen, to be intellectually intuited, for it 
does not admit of much if any helpful verbal explica- 
tion. If A is B, then whatever is not B is not A, and 
every case whatever is either a case of not-A or else 
of B. If m is not P without M is P (in case M is “A to” 
m) then (since M is any member of K) it is plain that if 
P is true of any member it is true of every member, and if 
P is false of any member it is false of every member. 

Mr. Peirce embodies these definitional statements in 
a complex Existential Graph. We are therefore coun- 
selled to give them a little attention. In my judgment 
examples are more instructive than pure description. In 
various cases we have no special need of making the cuts 
go entirely around the spots; parentheses, square brackets 
and braces will serve well enough for a good many cases. 

In the Existential Graphs, —A, means Something is A, 
or A exists, or There is an A, or whatever is in substance 
equivalent to either of the assertions. It might just as 
well have been written A—, for the side on which the 
line is drawn is altogether immaterial. In fact, in one 
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way of regarding the single graph-instance the line (which 
is also the line of identity) represents the thing, the letter 
serving only to determine that thing to be what the letter 
tells. A when inside a cut, that is to say when enclosed 
by a parenthesis, means denial so that (—A) means Noth- 
ing is A. The line of identity as such ends at the cut. 
When the line goes outside of the cut, and perhaps 
branches at a point of ter-identity, the whole line and its 
branches, if it has any, while still importing the idea 
of identity is called aligature,so that a ligature may have 
two or three lines of identity at its ends. The cut also 
brackets together its contents, a feature that must be 
specially noticed. The single (or odd) cut also imports 
the universal enunciation and does not imply that what 
it contains has any existence, so that (—A) means not 
Something is not A, but Nothing is A, or if you please, A 
is other than something, reading the line of identity as 
negated and thus. transformed into a line of diversity. 
This is one reason for making the distinction between the 
line of identity and the ligature. (There is no ‘“quanti- 
fication of the predicate” in the scheme of graphs.) 

Since the printing offices do not contain a type to print 
the first horn of a parenthesis cut across by a continuous 
dash, the proposition Something is not-A, must be ex- 
pressed here in this way, -(-A), but it must be understood 
and mentally supplied that the two dashes are to be taken 
as one long dash intersecting the parenthesis-horn.: ‘They 
form a ligature, (subject to the same monition). B -(-A) 
says Some B is not-A. Now nota bene. The import of a 
ligature in regard to the distinction between universal and 
particular enunciation is determined by its /east enclosed 
part only no enclosure at all is to be taken as twice enclosed 
and so more enclosed than once enclosed. Subject to this, 
the rule is, oddly enclosed imports universality and evenly 
enclosed imports particularity. 
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B—A says Some B is A, but (B—A) says No B is A. 
Now negate (i. e. deny) the assertion. Some B is not-A, 
i. e. B-(-A) by enclosing it with a second cut, (indicated 
by square brackets) thus [B-(-A)]. Here we have a 
scroll and it should be plain that it says that it is false that 
there is any B that is not A, which is the same as to say that 
whatever B there may be is A, or in inexact enunciation, 
All B is A. 

Whatever is doubly enclosed or enclosed in an even 
number of cuts we may if it suits our turn take as not en- 
closed at all. The outside cut of the two denies the denial of 
the inside cut. Two negatives make an affirmative. 

The point of teridentity imports simply that whatever 
identity is imported by one of the lines that join there is 
imported by each of the two other lines, so that each line 
may bear three messages of identity just as a telegraph 
wire may bear several messages without interference. 

When relative terms are introduced each will have as 
many lines of identity as the relation by its nature requires, 
usually two, occasionally three, and sometimes, though 
very rarely, four. In writing and in reading these rela- 
tions we have to notice and obey a certain way of process 
from their relates to their correlates, and from their cor- 
relates back to their relates, or if the relation is triadic, 
from one of the correlates to the other. 

There are six kinds of graphs for the expression of 
dual relations. Each of these kinds varies as either of the 
terms is positive or negative, and as the relative term is 
positive or negative. Thus the forms are quite numerous 
and I must give here only two examples the forms of which 
will be found in use farther on. Bearing in mind the inter- 
section of the parenthesis-horn and taking M to stand for 
member and C to stand for candidate and p to stand for 
the relative term “prior to,” M -(- p — C) says Some mem- 
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ber is not prior to any candidate. Its negative [M -(-p 
—C)] says, Every member is prior to some candidate. 

The definitional statements above given are dia- 
grammed by Prof. Peirce in Fig. 11, which is a composite 
of three scrolls, (1) the outer scroll formed by the two 
outside cuts, (2) the mediate scroll, viz., that one at the 
right-hand side of the enclosure of the second cut, and 
(3) the inner and composite scroll at the left-hand side of 
said enclosure. 

In reading the graphs it must be kept in mind that they 
express largely denials. This makes a style of discourse 
that is so full of inverted propositions and negative con- 
ceptions that it is highly unnatural. That a proposition 
is true is expressed by saying (diagrammatically of course) 
that it is false that it is false. But for exact logic such 
a style of expression has that high utility that it would be 
almost folly to neglect it. In exact logic the forms and 
rules must be perfectly sound for all possible cases. This 
makes it irksome and dangerous to try to express with 
perfect precision an affirmation that will serve therein. 
But a proposition can be expressed by way of denial with 
ease and precision and without any special need of provid- 
ing against the “range of possibilities.” 

On page 444 Professor Peirce had given the precise 
and analytical reading of Fig. 11, and it would be useless 
to repeat it here. Just below it he has given the more 
natural reading. Now it is the outer scroll that says that 
K has a member (the M in the outer unshaded enclosure) 
and has a relation C (duly to be found out and named 
A-hood). It is the mediate scroll that says that every 
member of K is A (== C) to some member of K, and it is 
the inner scroll that says that whatever P is true of one 
member of K and at the same time untrue of another 
member of K, is true also of some member that is not “A to” 
any member of which P is true. The Roman numerals 
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are only empty blanks. All they indicate is a relation of 
some kind, I indicates a relation of one blank and IJ a rela- 
tion of two blanks, which C and the ligature say is the 
relation C (A-hood). I is the empty predicate which the 
upper part of the inner scroll says is true of some member 
and untrue of some (other) member. The lower part of 
the inner scroll says that I (that is, P) is true of some 
member that is not “A to” any member of which I (that 
is, P) is true. , 

Having prepared therefor by graphs and otherwise, Mr. 
Peirce begins at page 446 and pursues through several 
pages a consecutive train of perfectly flawless deduction 
that is so admirable that no words are available to char- 
acterize it in fit measure. As an example it teems with 
instruction and suggestions, and as its leading result it 
shows that the core, the essence, of the copular relation 
when it is purified of everything but itself alone, is the 
relation of immediate antecedence, a relation sui generis, 
and such that if A immediately antecedes B, and B imme- 
diately antecedes C, then nothing else but A can imme- 
diately antecede B, and nothing else but B can imme- 
diately antecede C, and alsa that nothing else but C can 
immediately succeed B nor can anything else but B imme- 
diately succeed A. If this seems to any one an unprofitable 
result for so much pains, I suppose he will keep on think- 
ing so until he has a wider survey of the field of knowledge 
and of what is needed for its extension. In the train of 
reasoning the succession of ten immediate inferences be- 
ginning on page 450 is worthy of special notice. 

The last ten pages are again so predominantly mathe- 
matical and special that few lay readers will care to be- 
stow the study needful for their mastery and it would be 
officious to undertake to gloss them for mathematicians. 

Up to now I have said nothing about what I regard as 
the most excellent text of the article, viz., that part from 
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page 433 to page 440. My reason for this has been that 
my Office in this article has been to explain as well as I am 
able some of the more difficult matters but not too difficult 
to make accessible to the non-mathematical reader and 
to the person not versed in the regenerated logic, and the 
part I am now speaking about needs no such explanation. 
In this part Prof. Peirce lays out and develops a philosophy 
of intellectual discovery, provides a noinenclature and illus- 
trates his doctrine by a commentary upon the method of 
Euclid. In my humble opinion Prof. Peirce in this part has 
not only illuminated several very dark corners of the 
field of inquiry but has also indicated foundations and prin- 
ciples that sooner or later will win general acceptance. 


Francis C. RUSSELL. 
Cuicaco, IL. 

















SOME AMAZING MAZES. 


[coNcLUSION.] 


EXPLANATION OF CURIOSITY THE FIRST. 


You remember that at the end of my description of the card 
“trick” that made my first curiosity, I half promised to give, some 
time, an explanation of its rationale. This half promise I proceed 
to half redeem. 

Suppose a prime number, P, of cards to be dealt into S (for 
strues) piles, where S<P. (Were S=P, it would be impossible 
to regather the cards, according to the rule given in the description 
of the “trick.”) Then, in each pile, every card that lies directly 
on another occupied, before the deal, the ordinal, or serial, place 
in the packet whose number was S more than that of the other; 
and using Q to denote the integral part of the quotient of the 
division of P by S, so that P—QS is positive, while P-(Q+1)S 
is negative (for P being prime, neither can be zero,) and assuming 
that the piles lie in a horizontal row, and that each card is dealt 
out upon the pile that is next on the right of the pile on which the last 
preceding card was dealt, it follows that the left-hand piles, to the 
number of P—QS of them, contain each Q+1 cards, while the 
(Q+1)S-P piles to the right contain each only Q cards. It is plain, 
then, that, in each pile, every card above the bottom one is the 
one that before the dealing stood S places further from the back 
of the packet than did the card upon which it is placed in dealing. 
But in what ordinal place in the packet before the dealing did that 
card stand which after the regathering of the piles comes next in 
order after the card which just before the regathering of the piles 
lay at the top of any pile whose ordinal place in the row of piles, 
counting from the left, may be called the sth? In order to answer 
this question, we have first to consider that the effect of Standing 
Rule No. 1V is that the pile that comes next after any given pile 
in the order of the regathered packet, counting, as we always do, 
from back to face, is the pile which was taken up next before that 
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given pile; and of course it is the bottom card of that pile to which 
our question refers. Now the rule of regathering is that, after 
taking up any pile we next take up, either the pile that lies P-QS 
places to the right of it, or else that which lies (Q+1)S-P places 
to the left of it. In other words, the pile that is taken up next before 
any pile, numbered s from the left of the row, is either the pile 
numbered s+QS-P (and so lies toward the left of pile s) or else is 
the pile numbered s+(Q+1)S-P (and so lies toward the right of pile 
s). But if pile number s were one of those which contain Q+1 
cards each, since these are the first P-QS piles, we should have 
s<P-QS, and the pile taken next before it, if it were to the left of 
it, would be numbered less than or equal to zero; and there is no 
such pile. Consequently in that case, that pile taken up next before 
pile s will be to the right of the pile numbered s, and its number 
will be s+(Q+1)S-P, which will also have been the number of its 
bottom card in the packet before the dealing; while, since the 
bottom card of pile number s was card number s before the dealing, 
and since this pile contains Q other cards, each originally having 
occupied a place S further on than the one next below it in the pile, 
it follows that its top card was, before the dealing, the card whose 
ordinal number was s+QS. Thus, while every other card of any 
of the first P-QS piles is followed after the regathering by a card 
whose original place was numbered S more than its own, the top 
card of such a pile will then be followed by a card whose original 
place was S more than its own, counting round a cycle of P cards. 
In a similar way, if pile number s contains only Q cards, it is one 
of the last (Q+1)S-P piles. Then it cannot be that the pile taken 
up, according to the rule, next before it lay to the right of it; for 
in that case the number of this previously taken pile would exceed 
S. It must therefore be pile number s+QS-P; and this will be the 
original number of its bottom card, while the original number of 
the top card of pile number s (since this contains only Q cards,) 
will be s+(Q-1)S. Hence, as before, the top card will be followed 
after the regathering by a card whose original place would be S 
greater than its own, but for the subtraction of P in counting round 
a cycle of P numbers. This rule then holds for all the cards. 

It follows that if, after the regathering, the last card, that at 
the face of the pack or in the P place is the one whose original 
place may be called the With, then any other card, as that whose 
place after the gathering is the /th, was originally in the 1I+/S—mP, 
where mP is the largest multiple of P that is less than T+/S. If 
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however, after the regathering, the pack be cut so as to bring the 
card which was originally the Pth, or last, that is, which was at the 
face of the pack, back to that same situation, then, since the original 
places increase by S (round and round a cycle of P places) every 
time the regathered places increase by 1, it follows that the original 
place of the card that is first subsequently to that cutting will have 
been S, that of the second, 2S, etc.; and in general, that of the /th 
will have been /S-mP. If the cards had originally been arranged 
in the order of their face values, the face value of the card in the 
Ith place after the cut will be /S-mP, which we may briefly express 
by saying that the dealing into S piles with the subsequent cutting 
that brings the face card back to its place, “cyclically multiplies 
the face-value of each card by S,” the cycle being P. If after dealing 
into S piles, another dealing is made into T piles, and another into 
U piles, etc., after which a cut brings the face card back to its place, 
the face value of every card will be cyclically multiplied by SxTxUx 
etc. Moreover, if cuttings were made before each of the dealings, 
since each cutting only cyclically adds the same number to the place 
of every card, the cards will still follow after one another according 
to the same rule; so that the final cutting that restores the face 
card to its place, annuls the effect of all those previous cuttings. 
My hints as to the rationale of the exceptional treatment of the 
last card in twelve initial deals, and as to the extraordinary relation 
which results between the orders of succession of the black and of 
the red cards must be prefaced by some observations on the effects 
of reiterated dealings into a constant number of piles. What I 
shall say will apply to a pack of any prime number of cards greater 
than two; but to convey more definite ideas I shall refer particu- 
larly to a suit of 13 cards, each at the outset having its ordinal num- 
ber in the packet equal to its face-value. The effect of one cyclic 
multiplication of the face-values by 2, brought about by dealing the 
suit into 2 piles, regathering, and cutting, if need be, so as to restore 
the king to the face of the packet, will be to shift all the cards except 
the king in one circuit. That is, the order before and after the 
cyclic multiplication being as here shown. 
Before the cyclic doubling of 


the face values ......... L, 2, 3, 4, 5,6 7,3, oO, LOK, 
After the same ............2, 4, 6, 8, XQ, 1, 33, #, % FR, 
the 2 takes the place of the 1, the 4 that of the 2, the 8 th at of the 4, 


the 3 that of the 8, the 6 that of the 3, the ‘ that of the 6, the J 
that of the Q, the 9 that of the J, the 5 that of the 9, the X that of the 
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5, the 7 that of the X, and the 1 that of the 7; so that the values 
are shifted as shown by the arrows on the circumference of the 
circle of Fig. 6. If 7, instead of 2, be the number of piles into which 
the thirteen cards are dealt there will be a similar shift round the 
same circuit, but in the direction opposite to the pointings of the 
arrows; and if the cards are dealt into 6 or into 11 piles, there 
will be a shift in a similar single circuit along the sides of the in- 
scribed stellated polygon. But if the 13 cards are dealt into a 
number of piles other than 2, 6, 7, or 11, the ‘single circuit will break 
into 2, 3, 4, or 6 separate circuits of shifting. Thus, if the dealing 
be into 4 or into 10 piles, there will be two such circuits, each along 
the sides of a hexagon whose vertices are at alternate points along 


+1 
‘ 
a 









the circumference of the circle in the same figure (or, what comes 
to the same thing, at alternate vertices, along the periphery of the 
stellated polygon). Dealing into 4 piles makes one round from 
1 to 4, from 4 to 3, from 3 to Q, from Q, to 9, from 9 to X, and 
from X back to 1; while another round is from 2 to 8, from 8 to 6, 
from 6 to J, from J to 5, from 5 to 7, and from 7 back to 2. 
Dealing into 5 or into 8 piles will make three circuits each from one 
vertex to the next one of 3 squares inscribed in the circle. Dealing 
into 3 or into 9 piles will give 4 circuits round three inscribed 
equilateral triangles. Finally, dealing into 12 piles, with regather- 
ing, etc. according to rule, simply reverses the order so that the 
ace and queen, the 2 and knave, the 3 and ten, etc. change places. 
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It has already been made evident that if any prime number, P, 
of cards, each inscribed with a number, so that, when operations 
begin this number shall be equal to the ordinal place of the card in 
the pack, be dealt into any lesser number, S, of piles, and these be 
re-gathered, etc. according to rule, the effect is cyclically to multiply 
by S the number inscribed on any card which is identified solely 
by its resulting ordinal place, that is, to multiply in counting the 
numbers round and round a cycle of P numbers,—or, to state it 
otherwise, the ordinary product has the highest lesser multiple of 
P subtracted from it, though this seems to me to be a needlessly 
complicated form of conceiving the cyclical product. In counting 
round and round, the number of numbers in the cycle, the so-called 
“modulus of the cycle,” is the same as zero: so that the product 
of its multiplication by S is zero; or, regarding the matter in the 
other way, SP diminished by the largest lesser multiple of P gives 
P. Consequently, the face card will not change its face-value. Let 
the dealing etc. be reiterated until it has been performed 8 times. 
The effect will be to multiply the face-values (of cards identified 
only by their final ordinal places) by S®. Since this is the same mul- 
tiplier for all the cards, it follows that when 6 attains such a value 
that the card in any one place, with the exception of the face card 
of the pack, which alone retains an unchanging value, recovers its 
original value, every one of the P-1 cards of (apparently) changing 
values equally recovers its original value; and if the values do not 
shift round a single circuit of P-1 cards, all the circuits must be 
equal ; for otherwise the single number S® would not fix the values 
of all the cards. And since zero, or P, is the only number that re- 
mains unchanged by a multiplication where the multiplier is not 
unity (and S is always cyclically greater, that is, more advanced 
clockwise, than 1 and less than P,) it follows that the moduli of the 
shifts must all be the same divisor of P-1, and consequently P-1 
deals, whatever be the constant number of piles, must restore the 
original order. The pure arithmetical statement of this result is 
that SP—', whenever P is a prime number and S not a multiple of 
it, must exceed by one some multiple of P. This proposition goes 
by the name of its discoverer, perhaps the most penetrating mind 
in the history of mathematics ; being known as “Fermat’s theorem” ; 
although from our present point of view, it may seem too obvious 
to be entitled to rank as a “theorem.” The books give half a dozen 
demonstrations of it. It lies at the root of cyclic arithmetic. 

Fermat said he possessed a demonstration of his theorem: and 
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there is every reason for believing him; but he did not publish any 
proof. About 1750, the mathematician Konig asserted that he held 
an autograph manuscript of Leibniz containing a proof of the 
proposition; but it has never been published, so far as I know. 
Euler, at any rate, first published a proof of it; and Lambert gave 
a similar one in 1769. Subsequently Euler gave a proof less en- 
cumbered with irrelevant considerations; and this second proof is 
substantially the same as that in Gauss’s celebrated “Disquisitiones 
Arithmeticae” of 1801, §49. Several other simple proofs have since 
been given; but none, I think, better than that derived from the 
consideration of repeated deals. ; 

But what concerns the curious phenomenon of my little “trick”’ 
is not so much Fermat’s theorem as it is the more comprehensive 
fact that, whatever odd prime number, P, the number of cards in 
the pack may be, there is some number, S, such that in repeated deals 
into that number of piles, all the numbers less than P shift round 
a single circuit. I hope and trust, Reader, that you will not take 
my word for this. If fifty years spent chiefly with books makes 
my counsel about reading of any value, I would submit “- your 
approbation the following maxims: 

I. There are more books that are really worth ‘feading than 
you will ever be able to read. Confine yourself, therefore, to books 
worth reading and re-reading; and as far as you can, own the 
good books that are valuable to you. 

II. Always read every book critically. A book may have three 
kinds of value. First, it may enrich your ideas with the mere possi- 
bilities, the mere ideas, that it suggests. Secondly, it may inform 
you of facts. Thirdly, it may submit, for your approbation, lines 
of thought and evidences of the reasonable connection of possibili- 
ties and facts. Consider carefully the attractiveness of the ideas, 
the credibility of the assertions, and the strengths of the arguments, 
and set down your well-matured objections in the margins of your 
own books. 

III. Moreover, procure, in lots of twenty thousand or more, 
slips of stiff paper of the size of postcards, made up into pads of 
fifty or so. Have a-pad always about you, and note upon one of 
them anything worthy of note, the subject being stated at the top 
and reference being made below to available books or to your own 
note books. If your mind is active, a day will seldom pass when you 
do not find a dozen items worth such recording; and at the end 
of twenty years, the slips having been classified and arranged and 
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rearranged, from time to time, you will find yourself in possession 
of an encyclopedia adapted to your own special wants. It is espe- 
cially the small points that are thus to be noted; for the large ideas 
you will carry in your head. 

If you are the sort of person to whom anything like this recom- 
mends itself, you will want to know what evidence there is of the 
truth of what I assert, that there is some number of piles into which 
any prime number of cards must be dealt out one less than that 
prime number of times before they return to their original order. 

If these maxims meet your approval, and you read this screed 
at all, you will certainly desire to see my proposition proved. At 
any rate, I shall assume that such is your desire. Very well; proofs 
can be found in all the books on the subject from the date of Gauss’s 
immortal work down. But all those proofs appear to me to be need- 
lessly involved, and I shall endeavor to proceed in a more straight- 
forward way, which “mehr rechnend zu Werke geht.” Indeed, I 
think I shall render the matter more comprehensible by first exam- 
ining a few special cases. But at the outset let us state distinctly 
what it is that is to be proved. It is that if P is any prime number 
greater than 2, then there must be some number of piles, S, into 
which a pack of P cards must be dealt (and regathered and cut, 
according to the rule) P-1 times in order to bring them all round to 
their original places again. The reason I limit the proposition to 
primes will presently appear: the reason I limit the primes to those 
that are greater than 2 is that two cards cannot, in accordance with 
the rule be dealt, etc., into more than one pile (if you call that deal- 
ing) ; and of course this does not alter the arrangement; and since 
there is no number of piles less than one, the theorem, in this case, 
reduces itself to an identical proposition; while if 1 be considered 
to be a prime number, the proposition is falsified since there is no 
number of piles into which one card can be dealt and regathered 
according to the rule, which requires S to be less than P. 

Let our first example be that of P=17. Then P-1=16; and 
unless there be a single circuit of 16 face-values, which my whole 
present object is to show that there must be, all the circuits must 
either be one or more sets of 8 circuits of 2 values each, or sets of 
4 circuits of 4 values each, or sets of 2 circuits of 8 values each; 
unless, indeed, we count in, as we ought to do, the case of 16 circuits 
of 1 value each. This last means that each of the 16 cards retains its 
face-value after a single deal. It is obtrusively obvious that this 
can only be when S=1. But since in these hints toward a demonstra- 
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tion of the proposition the particular values of S do not concern 
us, and had better be dismissed from our minds, we will denote this 
value of S by S**i, meaning that it is a value that gives 16 circuits. 
We will now ask what is the number of piles into which 2 dealings 
will restore the face-value of every card; or, in other words, will 
give 8 circuits of 2 values each. Letting + denote that unknown 
quantity, the number of piles, or the cyclic multiplier, the equation 
to determine it is +?=1. To many readers two values satisfying this 
equation will be apparent. But I do not care what they are, further 
than that the value v=1 obviously satisfies the equation +*=1. I do 
care, however, to show that there can be but two solutions of the equa- 
tion x?=1. For suppose that .?=1 and r3=1. Then +}-1}=(4+,+4,) 
*(4,-+,)=0 or equals mP. Now if a multiple of a prime number 
be separated into two or more factors, one of these, at least, must 
itself be a multiple of that prime, just as in the algebra of real and 
of imaginary quantities and in quaternions, if the product of several 
quantities be zero, one or other of those factors must be zero; and 
just as in logic, if an assertion consisting of a number of asserted 
items be false, one or more of these items must be false. In addi- 
tion, every summand has its own independent effect; but every 
unit of a product is compounded of units of all the several factors. 
This is the formal, or purely intellectual, principle at the root of 
all the reasons for making the number of cards dealt, especially 
in reiterated dealings, to be a prime. It follows, then, that there 
are but two numbers of piles dealings into each of which will re- 
store the original arrangement after 2 deals; and one of these is 
+=1; for evidently (bear this in mind,) if x+7=1, then also x(¢b)=(x2) 
=1. There is then but one number of piles dealings into which shift 
the values of the cards in eight, and only eight, circuits; and this 
number we will denote by Sv, Then, reserving x to denote any 
root of the equation #7=1, and taking é to denote that one of the 
two roots that is not 1, we will take y to denote any number of 
piles, after dealing into which 4 times, the resulting arrangement 
of the values will be the original arrangement. That is to say, y 
will be any root of the cyclic equation y4=1. But x4=(+?)2=12=1; 
so that any value of x is a value of y. Let 7» denote any value of y 
that is not a value of x; and let us suppose that there are two values 
of », which we may denote by Sivand S*#. It will be easy to show 
that there is no third value of ». For (y?)?=1, where y? fulfills the 
definition of x and is thus either 1 or €&. But the roots of the equation 
7=1 fulfill the definition of +, whose values are excluded from the 
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definition of ». Hence we can only have ?=€; and that this has but 
two roots is proved by the same argument as was used above. 
Namely, 7, and », being any two of these, (7{-—13)=(m +12)" (m7) 
=0, so that unless y, and », are equal, and »,-7.=0,, then 7,+»,=0 or 
y, and y, are negatives of each other. Now no more than 2 quanti- 
ties can be each the negative of each of the others. We now pass 
to the consideration of those numbers of piles into which eight 
successive dealings result in the original arrangement. Denoting 
by s any such number, it is defined by the equation s8=1. But every 
value of y (of which we have seen that there cannot be more than 
4,) satisfies this equation, since y®=(y+)?=12=1. Let ¢ denote any 
.value of z which is not a value of y. We may suppose that there are 
two of these for each of the two values of y, which we will designate 
as Sii, Svi, Sx, Sxiv, TI need not assert that there are so many; but 
my argument requires me to prove that there are no more. The 
equation (2?)4=s8=1 shows that sz? fulfills the definition of y and 
can therefore have no more than the four values 1, €, and the two 
values of ». Now if s?=1, ¢ can, as we have seen in the case of +, 
have no other values than s=1 and z=, both of which are values 
of y. 

If <’=€,as we have seen in regard to y, z can have no other values 
than the two values of y, which are again values of y. Now let us sup- 
pose that z has four values, Si Svi, S*, and S*i%, that are not values 
of y; and let us define ¢ as any value of ¢ that is nota y. The proof 
that there can be no more than four gs is so exactly like the fore- 
going as to be hardly worth giving. I will relegate it to a paragraph 
of its own that shall be both eusceptic and euskiptatic ;—‘‘what hor- 
rors!’ I hear from the mouths of those moderns who abominate all 
manufactures of Hellenic raw materials, like “skip” and “skimp.” 

We have seen that either 2?=1, or 2?=€, or s?=y; and also that, 
in the first case, either s=1 or 2=g, both of which are values of y; 
and that, in the second case, ¢ has one or other of the two values 
of ». Accordingly, it only remains that {?=y. There are but two 
values of y and if £, and ¢, are two different values of £ whose 
squares are the same value of », €7— €3=(£.4 ¢2)°(¢:— 2) =0. 
Hence, since ¢,-%, is not zero, it follows that every value of ¢ 
differs from every other value derived from the same 7 only by 
being the negative of it. Now no number has two different nega- 
tives; and therefore there can be no more than two ¢s to every 7; 
and there being no more than two ys, there can be no more than 
four és. 
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Now this is the summary of the whole argument: the 17 cards 
of the pack being consecutively inscribed with numbers from the 
back to the face of the pack, each number of piles into which they 
are dealt etc. according to the rule acts as a cyclic multiplier of the 
face-value of every card. Every such multiplier leaves 0(=17) 
unchanged, and shifts the other 16 face-values in a number of cir- 
cuits having the same number of values in each. The possible con- 
sequences, excluding the case of a single circuit of 16 values, are 
the following: : 

16 circuits of 1 value each can result from but 1 multiplier at the 
utmost. 

8 circuits of 2 values each can result but from 1 other multiplier 

4 circuits of 4 values each can result but from 2 other multipliers 

2 circuits of 8 values each can result but from 4 other multipliers 


In all the number of multipliers that give 
more than 1 circuit (of all 16 values) is..... 8 at most 
ee Ae TE si vkic ccdccsasoesvcsas 16 multipliers 


Hence, the number of multipliers that shift 
the values in 1 circuit of 16 values is......... 8, at least. 
In point of fact, it is precisely 8. 
Let us now consider a pack of 31 cards. Here, the zero card 
not changing its value, there are 30 values which are shifted in one 
of these ways: 


In 30 circuits of 1 value each; 
In 15 circuits of 2 values each; 
In 10 circuits of 3 values each; 
In 6 circuits of 5 values each; 
In 5 circuits of 6 values each; 
In 3 circuits of 10 values each; 
In 2 circuits of 15 values each; 
In 1 circuit of 30 values. 


I propose to show as before that if we exclude the last case, the 
others do not account for the effects of so many as 30 different mul- 
tipliers. In the first place, as in the last example, but one multiplier 
will give circuits of one value each; and but one other multiple will 
give circuits of only two values each. We may call the former 
S*** and the latter S*’. 

The problems of 10 circuits of 3 values each and of 6 circuits 
of 5 values each can. be treated by exactly the same method, 3 and 
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5 being prime numbers. I shall exhibit in full the solution of the 
more complicated of the two, leaving the other to the reader. 

I propose, then, to show that there are at most but 5 different 
values which satisfy an equation of the form s5=l1. The general 
idea of my proof will be to assume that there are 5 different values 
(for it is indifferent to my purpose whether there be so many or 
not,) and then to show that there is such an equation between these 
five, that given any four, there is but one value that the fifth can 
have; that being as much as to say that there are not more than 
five such values in all. This assumes that every one of the five 
values differs from every one of the other four; making ten prem- 
isses Of this kind that have to be introduced. Now to introduce a 
premiss into a reasoning, is to make some inference which would 
not necessarily follow if that premiss were not true. Assuming, 
then, that s5=1, t5=1, w5=1, v5=1, w5=1, are the five assumed equa- 
tions, I note that the division by one divisor of both sides of an 
equation necessarily yields equal quotients only if the divisor is 
known not to be zero. Hence if I divide my equations by s-t, by s—u, 
by s-v, by s-w, by t-u, by t-v, by t-w, by u-v, u-w, and by v-w, 
I shall certainly introduce the ten premisses that all the five values 
are different; and with a little ingenuity—a very little, as it turns 
out,—I ought to reach my legitimate conclusion. 

I will begin then by subtracting t5=1 from s5=1, giving s5-t5=0; 
and dividing this by s-t, and using -|- as the logical sign of disjunc- 
tion, that is, to mean “or else,” I get . 

(1)  s4+s3t+s2t?+st3+t4=0 -|-s=t. 

By analogy, I can equally write 

$44+-53u+S?u7+5u3+U4=0 +: S=U. 
Subtracting the latter of these from the former, I get, 

$3 ( t-) +8? (t?—u?) +5 (13-03) +t4-u4=0 «|: s=t +]: s=u. 
And dividing this by t-u, I obtain 

(2) s3+52(t+u)+s(t2+tu+u?)+t3+tu+tu2+u3=0 -|-s=t -|-s=u -|: t=u. 

By analogy, I can equally write 
$3457 (t+v)+8(f+ty+e? )+8+v+ty2+v3=0 -|-s=t -|-s=v 
Subtracting the last equation from the last but one, I get 
(s?+st+t?) (u-v)+(s+t) (u?-v?)+u3-73=0 -|-s=t -|-s=u -|-S=v 
a 


‘| tu. 


and dividing by u-v, I have 
(3) s?+st+t?+(s+t) (u+e)+u?+ur4v=0 -|-s=t -|-s=u -|-s=u +|-t=u 


‘hu |-m=v. 
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By analogy, I can equally write 
$?+5t+t?+(s+t) (u+w)+u?+uw+w=0 -|-s=t -|-s=u -|-s=w +) t=u 
‘|-t=w -|-u=w. 
Subtracting the last from the last but one, and dividing by 7-w, 
I get 
(4) stttu+v+w=0 -|-s=t -|-s=u -|-s=v -\s=w -|-teu -|-t=v -|-tw 
‘|u=v -|-u=w -|-v=w. 

This shows at once that there cannot be more than 5 different 
numbers, which, counting round any prime cycle, all have their 5th 
powers equal to 1. By a similar process, as you can almost see with- 
out slate and pencil, from +3=1, y3=1, s3=1 one can deduce ++y+s=0 
‘|-r=y -|-xv=2 -|-y=z. The existence of these 5 and these 3 numbers 
must, for the present, be regarded as problematic, except that we 
cannot shut our eyes to the fact that 1 is one of the members of 
each set; as indeed 15=1, whatever the exponent may be. 

I have numbered some of the equations obtained in the proof 
that there are no more than 5 fifth roots of unity. You will observe 
that (1) equates to zero the sum of all possible terms of the fourth 
degree formed by two roots; that (2) equates to zero the sum of 
all possible terms of the third degree formed by three roots; that 
(3) equates to zero the sum of all possible terms of the second 
degree formed from four roots; and that (4) equates to zero the 
sum of all possible terms of the first degree formed by all five roots. 
Now it is plain that if we assume that there are » unequal th roots 
of unity, then by subtracting 3=1 from +{=1, and dividing by -r,-,,, 
we shall equate to zero the sum of all possible terms of the (-1)th 
degree in x, and r+, And if we have proved, in regard to any m 
of the roots, that (all being unequal,) the sum of all possible terms 
of the (#-m+1)th degree in these roots is equal to zero; then by 
taking two such equations of the (#-m+1)th degree in m-—1 roots 
common to the two, with one root in each equation not entering into 
the other; by subtracting one of these equations from the other, 
and then dividing by the difference between the two roots which 
enter each into but one of these equations, we shall get an equation 


n-t 
of the (n-m)th degree in m+1 roots. For x"-y"=(#-y)-3,xiy"—--1 
£ y al 


Accordingly, by repetitions of this process, we shall ultimately find 
that the sum of the » roots, if there be so many, is 0. This proves 
that there can be no more than m» unequal nth roots of unity in 
cyclic arithmetic any more than in unlimited real or imaginary 
arithmetic. 


_—— 
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But if the root of unity be of an order not prime but com- 
posite, so that it is the root of an equation of the form +?9=1, it is 
evident that, it is satisfied by every root of y?=1 and by every root 
of y%=1; since every power of 1 is 1. Accordingly, exclusive of 
roots of a lower order, the number of roots of unity of order n, 
that is, the number of roots of +"=1, additional to those that are 
roots of unity of lower order cannot be greater than the number of 
numbers not greater than m and prime to it. A number is said to 
be prime to a number when they have no other common divisor 
than 1. I shall write the expression of two or more numbers sepa- 
rated by heavy vertical lines to denote the greatest common divisor 
of those numbers. Thus, I shall write 12118=6. This vertical line 
may be considered as a reminiscence of the line that separates num- 
bers in the usual algorithm of the greatest common divisor. A 
prime number is a number prime to every other number. Con- 
sequently, 1 is a prime number. It is the only prime number that is 
prime to itself; for plp=p. The number of numbers not exceeding 
a number, , but prime to it is now called the totient of n. In the 
books of the first four fifths of the nineteenth century, the totient 
of » was denoted by ¢(m); but since the invention of the word 
totient, about 1880, Tn has become the preferable notation. T1=1; 
but if p be a prime not prime to itself Tp=p-1. It is quite obvious 
that the totient of any number, 1, whose prime factors not prime to 
themselves are p’, ~”, p”’, etc. is obtained by subtracting from m the 
p’th part of it, and then successively from each remainder the p’th, 
etc. part of it, but not using any prime factor twice. Thus T4=2 
(for 411=1 and 413=1; but 412=2 and 414=4) ; T6=2 (for 64-6=3 
and 3-33=2) ; T8=4 (for 8-4-8=4), T9=6, T10=4, etc. If mlIn=1, 
then Tmn=(Tm) (Tn). On the other hand, if p is a prime and m 
any exponent, Tp"=(p-1)p"—".. A “perfect number” is defined as 
one which is equal to the sum of its “aliquot parts,” that is, of all 
its divisors except itself; but, in a more philosophical sense, every 
number is a perfect number. That is to say, it is equal to the sum 
of the totients of all its divisors ;—a proposition which is perfectly 
obvious if regarded from the proper point of view. However, since 
this proposition has some relevancy to the proposition I am en- 
deavoring to prove; namely, that there is some number of piles, 
dealing into which shifts all the face-values of the cards along a 
single cycle, I will repeat a pretty demonstration of the former 
proposition that I find in the books. Having selected any number, 
m, tule a sheet of paper into columns, a column for each divisor 
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of m; and write these divisors, in increasing order from left to right 
each at the top of its column as its principal heading. Just beneath 
this, write in parentheses, as a subsidiary heading to the column, the 
complementary divisor, i. e., the divisor whose product into the 
principal heading is the number m; and draw a line under this sub- 
sidiary heading. Now, to fill up the columns, run over all the 
numbers in regular succession, from 1 up to m inclusive, writing 
each in one column, and in one only; namely in that column which 
is furthest to the right of all the columns of whose principal head- 
ings the number to be written is a multiple. Here, for example, is 
the table for m=20: 











4/2 4 | 5 | 10 | 20 
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By this means it is obvious that each column will receive all 
those multiples of the principal heading whose quotients by that 
heading are prime to the subsidiary heading, and will receive no 
other numbers. Thus, every column will contain just one number 
for each number prime to the subsidiary heading but not greater 
than it; [since no number is entered which exceeds the product of 
the two headings.] In other words, the number of numbers in each 
column equals the totient of the subsidiary heading; and since the. 
subsidiary headings are all the divisors, and the total number of 
numbers entered is m, the sum of the totients of all the divisors 
of m is m, whatever number m may be. It will be convenient to 
have a name for this principle; and since, as I remarked, it renders 
every number a perfect number in a perfected sense of that term, 
or say a perfecti perfect number, I will refer to it as the rule of 
perfection. 

According to this, although +°=1 may have 6 roots, yet since 
«?, x3, and ® are also roots, by the rule of perfection there can be 
but T6=T2-T3=1-2=2 numbers of piles into which dealing must 























430 THE MONIST. 


be made 6 times successively in order to restore the original arrange- 
ment; and similarly for the other divisors. So then the number of 
ways of dealing (i. e., number of piles into which the cards can be 
dealt, etc.) which will restore 31 cards to their original order in 
less than 30 deals cannot exceed T1+T2+T3+T5+T6+T10+T15. There 
are, however, in all 30 ways of dealing; and by the rule of perfec- 
tion 30=T1+T2+T3+T5+T6+T10+T15+T30. Hence, there must be 
T30=T2 - T3- T5=1 - 2+ 4=8 ways of dealing which shift the 30 values 
in a single circuit. And so with any other prime number than 31. 
This argument is so near a perfect demonstration that there always 
must be such ways of dealing that I may leave its perfectionment 
to the reader. 

I do not know of any general rule for ascertaining what the 
particular numbers of piles are into which the prime number / of cards 
must be dealt p-1 times in order to bring round the original arrange- 
ment again. It seems that there is a Canon Arithmeticus got out by 
Jacobi, which gives the numbers for the first 170 primes or so. It 
was published in the year of my birth; so that it was clearly the 
purpose of the Eternal that I should have the advantage of it. But 
that purpose must have been frustrated; for I never saw the book. 
The Tables Arithmétiques of Hoiiel (Gauthiers-Villars: 1866. 8¥°, 
pp. 44) gives those numbers for all primes less than 200. From 
these tables it appears that for about five-eighths of the primes one 
such number is either 2 or fp—2. Now as soon as one has been 
found, it is easv to find the rest which are all the powers of that 
one whose exponents are prime to p-1. In case p—1 has few prime 
factors, the numbers any one of which we seek must be nearly a 
third, perhaps nearly or quite half of all the -1 numbers: so that 
ere many trials have been made, one is likely to light upon one of 
them. Thus if p=17, try 2. Now 24=16=-1; so this will not do. 
Nor will -2. Try 3. We have 3?=9=-8; 33=27=-7, 34=81=4, 38 
=(34)2=(-4)?=16=-1. Evidently 3 is one of the numbers and the 
others are 33=-7, 35=-12=5, 37=(33) (34)=(-7)-(—4)=28=-6, and the 
negatives of these. If the prime factors are many, a different proce- 
dure may be preferable. Take the case of p=31. Here p—1=2-3-5. 
Turning to that table of the first nine powers of the first hundred 
numbers which is given in so many editions of Vega, I find in the 
column of cubes, 53=125=4(31)+1, and 63=216=7 + 31-1; and in the 
column of 5th powers, I find 35=243=8(31)-5. Consequently, (35) 
=3'8=-1, This renders it likely that 3 may be such a number as I 
seek. 37=9, 33=-4, 34=-12, 35=-5, 36=16=-15, 3'°=-6, 317=+8, 315 
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=(35)3=-125=1. It is evident that 3 is one of the numbers. The 
other seven are 37=35-32=45=-14, 31!=3- 3!=-18=13, 3'3=3+3'= 
24=-7, 317=315 + 32=-9;  319=3'5 + 34=412, 323=319- 34=-144=+11, 379= 
317 - 36=(-9)-(-15)-135=+11. 

Since, then, whatever prime number not prime to itself p may be, 
there are always T(p-1) numbers of which the lowest power equal 
to 1 (counting round the p cycle,) is the (p-1)th and these powers 
run through all the values of the cycle excepting only p=0, it follows 


that these numbers may appropriately be called basal (or primitive) 


roots of the cycle; and that their exponents are true cyclic logarithms 
of all the numbers of the cycle except zero. But since, if b be such 
a basal root, its (p-1)th power, like that of any other number, equals 
1 (counting round the p-cycle), it follows that these exponents run 
round a cycle smaller by one unit than that of their powers; or in 
other words, the modulus of the cycle of logarithms is p-1, while 
the modulus of the cycle of natural numbers is ~.* 

The cyclic logarithms form an entirely distinct number-system 
from that of the corresponding natural numbers. For the modulus 


* This being the first occasion I have had in this essay to employ the word 
“modulus,” I will take occasion to say that its general meaning is now well 
established. It means that signless quantity which measures the magnitude 
of a quantity and is a factor of it. So that if M and M’ are the moduli of two 
quantities, Mu“ and M’v’, their product is MM’-##’, where MM’ is an ordinary 
product, but “z’ may be a peculiar function. Thus, the absolute value of —2, 
or 2, is its “modulus,” as 3 is of —3; and (—2)-(—3)=+6 where 2X3=6 by 
ordinary multiplication, but (—1)x(—1)=-+1 by an extension of ordinary 
multiplication. So the “modulus” of A+Bi, where ?=—1, is VA*+B*. The 
tensor of a quaternion and the determinant of a square matrix are other 
examples of moduli. The cardinal number of numbers in a cycle has no sign 
and may Properly be called the modulus of the cycle. But I sometimes refer 
to it as “the cycle,” for short. The present usage of mathematicians is to 
use, what seems to me a too involved way of conceiving of cyclic arithmetic 
which carries with it an irregular use of the word “modulus.” Legendre and 
the earlier writers on cyclic arithmetic conceived of its numbers as signifying 
the lengths of different steps along a cycle of objects, and thus spoke of 18 
as being equal to I on a cycle of 17, just as we say that the Ist, 15th, 22d, and 
20th days of August fall on the same day of the w eek, and just as we say 
that 270° of longitude west of any meridian and 90° east of it are the very 
same longitude. Gauss, however, introduced a different locution, involving 
quite another form of thought. Instead of saying that 18 is, or equals, 1 in 
counting round a cycle of modulus 17, he prefers to say that 18 and 1 belong 
to the same class of numbers congruent to one another for the modulus 17. 
Here the idea of a cycle appears to be rejected in favor of the idea that 
(18—1)/17 is a whole number. 

Now I fully admit that the conception of an indefinitely advancing series 
is involved in that of a cycle, and further that non- -cyclical numbers have to 
be used to some extent in cyclic arithmetic. But at the same time it seems 
to me that the theoric idea of a cycle ought to take the lead in this branch of 
mathematics. In particular, I cannot see why the term cyclic logarithms is not 
him correct and far more expressive than Gauss’s colorless name of “in- 
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of their cycle is composite instead of prime, a circumstance which 
essentially modifies some of the principles of arithmetic. For ex- 
ample, every natural number of a cycle of prime modulus gives an 
unequivocal quotient when divided by another. But some numbers 
in a cycle of composite modulus give two or more quotients when 
divided by certain others, while others are not divisible without 
remainders. The whole doctrine shall be set forth here. I will 
preface it with a statement of the essential differences between the 


system of all positive finite integers, the system of all real finite: 


integers, and any cyclical system. I omit the Cantorian system, 
partly because the full explanation of it would be needed and would 
be long, and partly because there is a doubt whether it really pos- 
sesses an important character which Cantor attributes to it. 

It is singular that though the systems to be defined possess, 
besides several independent common characters, others in respect 
to which they differ, yet all the properties of each system are neces- 
sary consequences of a single principle of immediate sequence. In 
stating this, I shall abbreviate a frequently recurring phrase of nine 
syllables by writing, ‘m is A of (or to) mu,’ or even ‘m is An,’ to 
mean that the member, mm, of the system is in a certain relation of 
immediate antecedence to the member ». I shall express the same 
thing by writing ‘1 is A’d by m.’ But when I call A an abbreviation, 
I do not mean to imply that the words “immediately antecedent” ex- 
press its meaning in a satisfactory way. On the contrary, in part, 
they suggest something repugnant to its meaning, which must be 
gathered exclusively from the following definitions of the three 
kinds of systems: 

A cyclical system of objects is such a collection of objects that, 
the expression ‘m is A to w’ signifying some recognizable relation 
of m to n, every member of the system is A to some member or 
other, and whatever predicate, P, may be, if P is true of no member 
of the system without being true of some member of it that is A’d 
by that member, then P is true either of no member or of every 
member. 

The system of all positive whole numbers is a single collection 
of numbers, the general essential character of which collection is 
that there is a recognizable relation signified by A, such that every 
positive integer is A to a positive integer, and there is one, and one 
only, initial positive integer, 0 (or, if this be excluded, then 1,) 
such that, whatever predicate P may be, if P is true of no positive 
integer without being also true of some positive integer to which 
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the former is A, then either this predicate is false of that initial 
positive integer or else is true of all positive integers. 

The system of all real integers is a collection of numbers of 
which the general essential character is that there is recognizable 
relation signified by one being A to another, such that every number 
of the system is both A to a number of the system, and is A’d by a 
number of the system, and whatever predicate P may be, if this 
be not true of any number, , of the system without being both 
true of some number that is A of 1, and true also of some number 
that is A’d by n, then P is either false of every number of the system 
or is true of every number of the system. 

A Cantorian system is essentially a system of objects positively 
determined by every collection of objects of the system being A to 
some object of the system, and by a certain object, 0, being a member 
of the svstem; while it is negatively determined by the principle 
that, whatsoever predicate P may be, if P is not true of every mem- 
ber of any collection of the system without being also true of some 
member that is A’d by that collection, then either P is not true of 
the member, 0, or it is true of every member of the system. 

Now for several reasons, partly for the sake of the logical in- 
terest and instruction that will accrue I will proceed to show pre- 
cisely how all the fundamental properties common to cyclical sys- 
tems follow from my definition. In accordance with the usage of 
logicians and mathematicians, I shall call this “demonstrating” those 
properties. The reader must not fall into the error of supposing 
that, by this expression, I mean rationally convincing him that all 
cyclical systems have these properties; for I know well that he is 
perfectly cognizant of that already. All I am seeking to convince 
him of is, Ist, that, and 2d, how, their truth of all cyclical systems 
follows from my definition. But in the course of doing so, I shall 
endeavor to bring to his notice some things well worth knowing 
concerning necessary reasonings in general. Especially, I shall 
try to point out errors of logical doctrine which students of the 
subject who neglect the logic of relations are apt to fall into. 

A brace of these errors, are, first, that nothing of importance 
can be deduced from a single premiss; and secondly, that from 
two premisses one sole complete conclusion can be drawn. Persons 
who hold the latter notion cannot have duly considered the paucity 
of the premisses of arithmetic and the immensity of higher arith- 
metic, otherwise called the “theory of numbers,” itself. As to the 
former belief, aside from the consideration that whatever follows 
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from two propositions equally follows from the one which results 
from their copulation, they will have occasion to change their opinion 
when they come to see what can be deduced from the definition 
of a cyclic system, which definition is not a copulative proposition. 
That couple of logical heresies, being married together, legiti- 
mately generates a third more malignant than either; namely, that 
necessary reasoning takes a course from which it can no more 
deviate than a good machine can deviate from its proper way of 
action, and that its future work might conceivably be left to a 
machine,—some Babbage’s analytical engine or some logical machine 
(of which several have actually been constructed). Even the logic 
of relations fails to eradicate that notion completely, although it 
does show that much unexpected truth may often be brought to 
light by the repeated reintroduction of a premiss already employed ; 
and in fact, this proceeding is carried to great lengths in the develop- 
ment of any considerable branch of mathematics. Although, more- 
over, the logic of relations shows that the introduction of abstrac- 
tions,—which nominalists have taken such delight in ridiculing,— 
is of the greatest service in necessary inference, and further shows 
that, apart from either of those manoeuvres,—either the iteration 
of premisses or the introduction of abstractions,—the situations in 
which the necessary reasoner finds several lines of reasoning open 
to him are frequent. Nevertheless, in spite of all this, the tendency 
of the logic of relations itself,—the highest and most rational 
theory of necessary reasoning yet developed,—is to insinuate the 
idea that in necessary reasoning one is always limited to a narrow 
choice between quasi-mechanical processes; so that little room is 
left for the exercise of invention. Even the great mathematician, 
Svivester, perhaps the mind the most exuberant in original ideas 
of pure mathematics of any since Gauss, was infected with this 
error; and consequently, conscious of his own inventive power, was 
led to preface his “Outline Trace of the Theory of Reducible Cy- 
clodes,’ with a footnote which seems to mean that mathematical 
conclusions are not always derived by an apodictic procedure of 
reason. If he meant that a man might, by a happy guess, light upon 
a truth which might have been made a mathematical conclusion, 
what he said was a truism. If he meant that the hint of the way 
of solving a mathematical problem might be derived from any sort 
of accidental experience, it was equally a matter of course. But 
the truth is that all genuine mathematical work, except the forma- 
tion of the initial postulates (if this be regarded as mathematical 
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work,) is necessary reasoning. The mistake of Sylvester and of all 
who think that necessary reasoning leaves no room for originality,— 
it is hardly credible however that there is anybody who does not 
know that mathematics calls for the profoundest invention, the most 
athletic imagination, and for a power of generalization in compari- 
son to whose every-day performances the most vaunted perform- 
ances of metaphysical, biological, and cosmological philosophers in 
this line seem simply puny,—their error, the key of the paradox 
which they overlook, is that originality is not an attribute of the 
matter of life, present in the whole only so far as it is present in 
the smallest parts, but is an affair of form, of the way in which 
parts none of which possess it are joined together. Every action of 
Napoleon was such as a treatise on physiology ought to describe. 
He walked, ate, slept, worked in his study, rode his horse, talked to 
his fellows, just as every other man does. But he combined those 
elements into shapes that have not been matched in modern times. 
Those who dispute about Free-Will and Necessity commit a similar 
oversight. Notwithstanding my tychism, I do not believe there is 
enough of the ingredient of pure chance now left in the universe 
to account at all for the indisputable fact that mind acts upon matter. 
I do not believe there is any amount of immediate action of that 
kind sufficient to show itself in any easily discerned way. But one 
endless series of ‘mental events may be immediately followed by a 
beginningless series of physical transformations. If, for example, 
all atoms are vortices in a fluid, and every fluid is composed of atoms, 
and these are vortices in an underlying fluid, we can imagine one 
way in which a beginningless series of transformations of energy* 
might take place in a fraction of a second. Now whether this par- 
ticular way of solving the paradox happens to be the actual way, 
or not, it suffices to show us that from the supposed fact that mind 
acts mmmediately only on mind, and matter immediately only on 
matter, it by no means follows that mind cannot act on matter, and 
matter on mind, without any tertium quid. At any rate, our power 
of self-control certainly does not reside in the smallest bits of our 
conduct, but is an effect of building up a character. All supremacy 
of mind is of the nature of Form. 

The plan of a demonstration can obviously not spring up in the 
mind complete at the outset; since when the plan is perfected, the 

* You may well be puzzled, dear Reader, to iconize the consecution of a 
beginningless series upon an endless series. But you have only to imagine a 


dot to be placed upon the rim of a half-circle at each point whose angular 
distance from the beginning of the semicircumference has a positive or nega- 
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demonstration itself is so. The thought of the plan begins with an 
act of dyxivoa* which, in consequence of pre-existent associations, 
brings out the idea of a possible object, this idea not being itself in- 
volved in the proposition to be proved. In this idea is discerned that 
the possibility of its object follows in some way from the condition, 
general subject, or antecedent of the proposition to be proved, while 
the known characters of the object of the new idea will, it is per- 
ceived, be at least adjuvant to the establishment of the predicate or 
consequent of that proposition. 

I shall term the step of so introducing into a demonstration 
a new idea not explicitly or directly contained in the premisses of 
the reasoning or in the condition of the proposition which gets 
proved by the aid of this introduction, a thed’ric step. Two con- 
siderable advantages may be expected from such a step besides the 
demonstration of the proposition itself. In the first place, since it 
is a part of my definition that it really aids the demonstration, it 
follows that without some such step the demonstration could not 
have been effected, or at any rate only in some very peculiar way. 
Now to propositions which can ori,” be proved by the aid of theoric 


tive whole number for its natural tangeutt. These dots will, then, occur at the 
following angular distances from the origin of measurement. 

















ANGULAR DISTANCE TANGENT | ANGULAR DISTANCE TANGENT | ANGULAR DISTANCE 

os 00’ oO 87° 24’ +22 | 93° or’ =i9 
45 00 + 1 | 87.31 +23 93. «O«@:'T: —1& 
63 26 +2 87 37 424 | 93. 21 —7 
71 34 + 3 87 43 +25 {| 93 35 0 
75 «(58 +4 93 49 —i5 
78 I +5  |and so on endlessly. But 04. 05 —I4 
80 32 +6 after all positive integer 04 «24 —I3 
81 52 +7 values have been passed 04 46 —I12 
82 52 + 8 through before 90°, 95 12 —It 
83 40 +9 (where there will not be 95 43 —I1G 
84 17 +10 any dot,) a beginningless 96 ©6220 —G 
84 48 +11 series of dots will suc- 97. ~«~8 — 8 
85 14 +12 | ceed, for which the tan- 98 08 —7 
85 36 +13 | gents are negative; and 99 «= 28 — 6 
85 55 +14 | then IOI 19 —5 
86 II +15 | 104 2 —4 
86 25 +416 | 92° 17’ —25 108 26 — 3 
86 §=38 +17 | 92 2 —24 116 34 —2 
86 49 +18 | 92 29 —23 135 09 — I 
86 5o0 +19 | 2 36 —22 180 00 (a) 
87 608 +20 | 92 44 —2I 225 00 + 1 
87 16 +21 2 2 —20 etc. 








* See Charmides, p. 160A, and the last chapter of the First Posterior 
Analytics. 








SOME AMAZING MAZES. " 437 


steps, (or which, at any rate, could hardly otherwise be proved, ) 
I propose to restrict the application of the hitherto vague word 
“theorem,” calling all others, which are deducible from their prem- 
isses by the general principles of logic, by the name of corollaries. 
A theorem, in this sense, once it is proved, almost invariably clears 
the way to the corollariai or easy theorematic proof of other propo- 
sitions whose demonstrations had before been beyond the powers 
of the mathematicians. That is the first secondary advantage of a 
theoric step. The other such advantage is that when a theoric step 
has once been invented, it may be imitated, and its analogues applied 
in proving other propositions. This consideration suggests the pro- 
priety of distinguishing between varieties of theorems, although the 
distinctions cannot be sharply drawn. Moreover, a theorem may 
pass over into the class of corollaries, in consequence of an improve- 
ment in the system of logic. In that case, its new title may be ap- 
pended to its old one, and it may be called a theorem-corollary. 
There are several such, pointed out by De Morgan, among the 
theorems of Euclid, to whom they were theorems and are reckoned 
as such, though to a modern exact logician they are only corollaries. 
If a proposition requires, indeed, for its demonstration, a theoric step, 
but only one of a familiar kind, that has become quite a matter of 
course, it may be called a theoremation.* If the needed theoric 
step is a novel one, the proposition which employs it most fully may 
be termed a major theorem; for even if it does not, as yet, appear 
particularly important, it is likely eventually to prove so. If the 
theoric invention is susceptible of wide application, it will be the 
basis of a mathematical method. 

But mathematicians are rather seldom logicians or much inter- 
ested in logic; for the two habits of mind are directly the reverse of 
each other; and consequently a mathematician does not care to go 
to the trouble, (which would often be very considerable,) of ascer- 
taining whether the theoric step he proposes to himself to take is 
absolutely indispensable or not, so long as he clearly perceives that 
it will be exceedingly convenient ; and the consequence is that many 
demonstrations introduce theoric steps which relieve the mind and 
obviate confusing complications without being logically necessary. 
Such demonstrations prove corollaries more easily by treating them 
as if they were theorems. They may be called theoric corollaries, or 
if one is not sure that they are so, theorically proved propositions. 


_ * Oewpnudriov is entered in L. & S., with a reference to the Diatribes of 
Epictetus. 
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I wish a historical study were made of all the remarkable 
theoric steps and noticeable classes of theoric steps. I do not mean 
a mere narrative, but a critical examination of just what and of 
what mode the logical efficacy of the different steps has been. Then, 
upon this work as a foundation, should be erected a logical classi- 
fication of theoric steps; and this should be crowned with a new 
methodeutic of necessary reasoning. My future years,—whatever 
can have become of them, they do not seem so many now as they 
used, when, at De Morgan’s Open Sesame, the Aladdin matmtrah of 
relative logic had been nearly opened to my mind’s eye ;—but the 
remains of them shall, I hope, somehow contribute toward setting 
such an enterprise on foot. I shall not be so short-sighted as to 
expect any cut-and-dried rules nor yet any higher sort of contrivance, 
to supersede in the least that dyyivoa,—that penetrating glance at 
a problem that directs the mathematician to take his stand at the 
point from which it may be most advantageously viewed. But I 
do think that that faculty may be taught to nourish and strengthen 
itself, and to acquire a skill in fulfilling its office with less of random 
casting about than it as yet can. 

Euclid always begins his presentation of a theorem by a state- 
ment of it in general terms, which is the form of statement most 
convenient for applying it. This was called the mpdracis, or propo- 
sition. To this he invariably appends, by a Aéyw, “I say,” a trans- 
lation of it into singular terms, each general subject being replaced 
by a Greek letter that serves as the proper name for a single one 
of the objects denoted by that general subject. Yet the generality 
of the statement is not lost nor reduced, since the understanding 
is that the letter may be regarded as the name of any one of those 
objects that the student may select. This second statement was 
called the éx6eous, or exposition. Euclid lived at a time when the 
surpassing importance of Aristotle’s Analytics was not appreciated. 
The use, probably by Euclid himself, of the term zporaos, which 
in Aristotle's writings means a premiss, to denote the conclusion 
to be proved, illustrates this, and confirms other reasons for think- 
ing that Euclid was unacquainted with the doctrine of the Ana- 
lytics. The invariable appending by Euclid of an éx@eows to the 
mpotauis (except in a few cases in which the proposition is expressed 
in the ecthetic form alone,) inclines me to think that it was, for him, 
a principle of logic that any general proposition can be so stated: 
and such a form of statement was always convenient in demon- 
stration; sometimes, necessary. If this surmise be correct, Euclid 
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probably looked upon the function of the éxfeos as that of merely 
supplying a more convenient form for expressing no more than the 
mpotaois had already asserted. Yet inasmuch as the zporaos does 
not mention those proper names consisting of single letters, the 
éxOeors certainly does supply ideas that, however obvious they be, 
are not contained in the zpdracis; so that it must be regarded as 
taking a little theoric step. The principal theoric step of the demon- 
stration is, however, taken in what immediately follows; namely, 
in “preparation” for the demonstration, the -rapacxevn, usually trans- 
lated ‘the construction.”” The Greek word is applied to any thing 
got up with some elaboration with a view to its being used in any 
contemplated undertaking: a near equivalent to a frequent use of it 
is ‘“ apparatus.” Euclid’s zapacxevn consists of precise directions for 
drawing certain lines, rarely for spreading out surfaces; for though 
his work entitled “Elements,” appears to have been intended as an 
introduction to theoretical mathematics in general, (the art of com- 
putation being the métier, —the ‘mister, as Chaucer would say, of 
the Pythagoreans,) yet Euclid always conceives arithmetical quan- 
tities—even when distinguishing between prime and composite in- 
tegers,—as being lengths of lines. It was his mania. Those lines 
which are drawn in the rapacxevn are not only all that are referred 
to in the condition of the proposition, but also all the additional 
lines which he is about to consider in order to facilitate the demon- 
stration of which this zapacxevy is thus the soul, since in it the 
principal theoric step is taken. But the construction of these ad- 
ditional lines is introduced by yap, here meaning “for,’’ and some- 
times the text does not very sharply separate some parts of the 
mapacxevn from the next step, the dodeéis, or demonstration. This 
latter contains mere corollarial reasoning, though, in consequence 
of its silently assuming the truth of all that has been previously 
proved or postulated (which Mr. Gow, in his Short History of Greek 
Mathematics, gives as the reason for Euclid’s having called his work 
Zroiyea; which seems to me very dubious,) this corollarial reason- 
ing will sometimes be a little puzzling to a student who has not so 
thoroughly assimilated what went before as to have the approximate 
proposition ready to his mind. After this, a sentence always using 
dpa, “hence,” “ergo,” repeats the zporacis (not often the éxGears, ) 
so as to impress the proposition on the mind of the student, in its 
new light and new authority, expressed in the form most convenient 
in future applications of it. This is called ovprépacpa, the “conclu- 
sion,” which sounds highly Aristotelian. Yet the classical use of 
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the verb to signify coming to a final conclusion, rendered this noun 
inevitable as soon as these neuter abstracts came into the frequent 
use that they had by Euclid’s time. The conclusion always ends 
with the words itmep ee deigar, “which had to be shown,” quod erat 
demonstrandum, for which Q. E. D. is now put. 

I will take at random the 20th proposition of the first book, to 
illustrate the matter. “In every triangle, any two sides, taken to- 
gether are always greater than the third. 

“For let ABI be a triangle. I say that any two sides taken 
together are greater than the third; BA and AT than BI, AB and Br 
than AT, and BF and [A than AB. 

“For extend BA to the point A, taking AA equal to TA, [which 
he has shown in the 2d proposition always to be possible ;] and join 
A to T by a straight line. 

“Now since AA is equal to AT, the angle under AAT is equal to 
that under ATA [by the pons asinorum,| Hence, the angle under 
BLA will be greater than that under AAT. [This is a fallacy of a kind 
to which Euclid is subject from assuming that every figure drawn 
according to the zapacxevy will necessarily have its parts related in 
the same way, when it can only be otherwise if space is finite, which 
he has never formally adopted as a postulate. In the present case, 
if AA is more than half-way round space, the triangle ATA will 
include the triangle ABI within it; and then the angle BFA will be 
less than the angle AAT.] And since ATB is a triangle having the 
angle under BFA greater than that under BAT, but the greater side 
subtends under the greater angle [which is the theorem that had 
just previously been demonstrated,] therefore AB is greater than 
Br. But AA is equal to AT. Therefore, BA and AIP are greater than 
Br. Similarly, we shall [i. e. could] show that AB and BI are greater 
than TA, and BI and [A than AB. 

“In every triangle, then, any two sides joined together are 
greater than the third, which is what had to be shown.” 

I will now return to the consideration of cyclical systems, and 
will begin by expressing my definition of such a system in those 
Existential Graphs which have been explained in The Monist (Vol. 
XVI, pp. 524-544, where correct the errata given in Vol. XVII, 
p. 160). In reference to those graphs, it is to be borne in mind that 
they have not been contrived with a view to being used as a cal- 
culus, but on the contrary for a purpose opposed to that. Never- 
theless, if any one cares to amuse himself by drawing inferences 
by machinery, the graphs can be put to this work, and will perform 
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it with a facility about equal to that of my universal algebra of 
logic and as much beyond that of my algebra of dyadic relatives, 
of which the lamented Schroeder was so much enamoured. The 
only other contrivances for the purpose appear to me to be of in- 
ferior value, unless it be considered worth while to bring a pasig- 
raphy into use. Such ridiculously exaggerated claims have been 
made for Peano’s system, though not, so far as I am aware, by its 
author, that I shall prefer to refrain from expressing my opinion 
of its value. I will only say that if a person chooses to use the 
graphs to work out difficult inferences with expedition, he must 
devote some hours daily for a week or two to practice with it; and 
the most efficacious, instructive, and entertaining practice possible 
will be gained in working out his own method of using the graphs 
for his purpose. I will just give these little hints. Some slight 
shading with a blue pencil of the oddly enclosed areas will conduce 
to clearness. Abbreviate the parts of the graph that do not concern 





Fig. 7. Fig. 8. 


your work. Extend the rule of iteration and deiteration, by means 
of a few theorems which you will readily discover. Do not forget 
that useful iteration is almost always into an evenly enclosed area, 
while useful deiteration is, as usually, from an oddly enclosed area. 
Perform the iteration and the immediately following deiteration at 
one stroke, in your mind’s eye. Do not forget that the ligatures 
may be considered as graph-instances scribed in the areas where 
their least enclosed parts lie, and repeated at their attachments. 
Their intermediate parts may be disregarded. Reflect well on each 
of the four permissions (especially that curious fourth one,) until 
you vividly comprehend the why and wherefore of each, and the 
bearings of each from every point of view that is habitual with you. 
Do not forget that an enclosure upon whose area there is a vacant 
cut can everywhere be inserted and erased, while an unenclosed 
vacant cut declares your initial assumption, first scribed, to have 
been absurd. You will thus, for example, be enabled to see at a 
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glance that from Fig. 7 can be inferred Fig. 8. The cuts perform 
two functions; that of denial and that of determining the order of 
selection of the individual objects denoted by the ligatures. If the 
outer cuts of any graph form a nest with no spot except in its inner- 
most area, then all that part of the assertion that is therein expressed 
will need no nest of cuts, but only cuts outside of one another, none 
of them containing a cut with more than a single spot on it. It 
will seldom be advisable to apply this to a complicated case, owing 
to the great number of cuts required; but you should discover and 
stow away in some sentry-box of your mind whence the beck of 
any occasion may instantly summon it, the simple rule that expresses 
all possible complications of this principle. As an example of one 
of the simplest cases, Fig. 9 and Fig. 10 are seen precisely equiv- 
alent. 
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Fig. 9. Fig. 10. 


















































Owing to my Existential Graphs having been invented in Janu- 
ary of 1897 and not published until October, 1906, it slipped my mind 
to remark when I finally did print a description of it, what any reader 
of the volume entitled Studies in Logic by Members of the Johns 
Hopkins University, (Boston: 1882,) might perceive, that in con- 
structing it, I profited by entirely original ideas both of Mrs. and 
Mr. Fabian Franklin, as well as by a careful study of the remarkable 
work of O. E. Mitchell, whose early demise the world of exact logic 
has reason deeply to deplore. 

My reason for expressing the definition of a cyclic system in 
Existential Graphs is that if one learns to think of relations in the 
forms of those graphs, one gets the most distinct and ecthetically as 
well as otherwise intellectually, iconic conception of them likely to 
suggest circumstances of theoric utility, that one can obtain in any 
way. The aid that the system of graphs thus affords to the process 
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of logical analysis, by virtue of its own analytical purity, is sur- 
prisingly great, and reaches further than one would dream. Taught 
to boys and girls before grammar, to the point of thorough familiari- 
zation, it would aid them through all their lives. For there are few 
important questions that the analysis of ideas does not help to an- 
swer. The theoretical value of the graphs, too, depends on this. 

Strictly speaking, the term ‘definition’ has two senses,—Firstly, 
this term is sometimes quite accurately applied to the composite 
of characters which are requisite and sufficient to express the 
signification of the ‘definitum,’ or predicate defined; but I will 
distinguish the definition in this sense by calling it the ‘definition- 
term.’ Secondly, the word definition is correctly applied to the 
double assertion that the definition-term’s being true of any con- 
ceivable object would always be both requisite and sufficient to 
justify predicating the definitum of that object. I will distinguish 
the definition in this sense by calling it the ‘definition-assertion-pair.’ 
In the present case, as in most cases, it is needless and would be 
inconvenient to express the entire definition-assertion-pair with strict 
accuracy, since we only want the definition in order to prove certain 
existential facts of subjects of which we assume that the definitum, 
‘cyclic-system,’ is predicable. We do not care to prove that it is 
predicable, and therefore the assertion that the definitum is predicable 
of the definition-term is not relevant to our purpose. In the second 
place, we do not care to meddle with that universe of concepts with 
which the definition deals ; and it would considerably complicate our 
premisses to no purpose to introduce it. We only care for the 
predication of the definition-term concerning the definitum so far 
as it can concern existential facts. All that we care to express in 
our graph is so much as may be required to deduce every existential 
fact implied in the existence of a cyclic system. 

A cyclic system is a system; and a system is a collection having 
a regular relation between its members. One member suffices to 
make a collection, and is requisite to the existence of the collection. 
The definition, so far as we need it, is then expressed in the graph 
of Fig. 11. Here K with a “peg” (See Monist, Vol. XVI, p. 530) 
at the side asserts that the object denoted by the peg is a cyclic 
system. The letter M with one peg at the top and another placed 
on either side without any distinction of meaning, asserts that the 
object denoted by the side-peg is a member of the system denoted 
by the top-peg. The letter C, with a peg at the top and another 
at the side asserts that the object denoted by the top-peg is a relation 
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involved in that relation between all the members which constitutes 
the entire collection of them as the system that it is, and asserts that 
the object denoted by the side-peg is such a system. The Roman 
numerals each having one peg placed at the top or bottom of the 
numeral and a number of side-pegs equal to the value of the numeral, 
all these side-pegs being carefully distinguished, is used to express 
the truth of the proposition resulting from filling the blanks of the 
rheme denoted by the top or bottom peg, with indefinite signs of 
objects denoted by the side-pegs taken in their order, all the left- 
hand pegs being understood to precede all the right-hand pegs, and 
on each side a higher peg to precede a lower one. With this under- 
standing, the graph of Fig. 11, where for the sake of perspicuity 
the oddly enclosed, or negating areas are shaded, may be translated 
into the language of speech in either of the two following equiva- 
lent forms (besides many others) : 
It is false that 
there is a cyclic system while it is false that 
this system has a member 
and involves a relation (“being A to,” the bottom peg of II,) 
and that it is false that 
the system has a member of which it is false that 
it is in that relation, A, to a member of the system, 
while it is false that 
there is a definite predicate, P, (the top or bottom peg 
of I,) that is true of a member of 
the system and is false of a member of the system, and 
that it is false that 
this predicate is true of a member of the system of which 
it is false that 
it is A to a member of the system of which P is true. 
This more analytic statement is equivalent to saying that every 
cyclic system (if there be any,) has a member, and involves a rela- 
tion called “being A to” (not the graph but perspicuity of speech 
requires it to be so named,) such that every member of the system is 
A to a member of the system, and any definite predicate, P, what- 
soever, that is at once true of one member of the system and untrue 
of another is true of some member oi the system that is not A to 
any member of which P is true. 
To anybody who has no notion of logic this may seem a queer 
attempt to explain what is meant by a cyclic system; and it is true 
that it would be a needlessly involved verbal definition; a verbal 
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definition being an explanation of the meaning of a word or phrase 
intended for a person to whose mind the idea expressed is perfectly 
distinct. But it is not intended to serve as a verbal, but as a real 
definition, that is, to explain to a person to whom the idea may be 
familiar enough, but who has never picked it to pieces and marked 
its structure, exactly how the idea is composed. As such, I believe 
it to be the simplest and most straight-forward explanation possible. 
When you say that the days of the week “come round in a set of 
seven,” you think of the week everything here expressed of K. 
I do not mean that all this is actually existent in your thought; for 
thinking no more needs the actual presence in the mind of what is 
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Fig. 11. 


thought than knowing the English language means that at every 
instant while one knows it the whole dictionary is actually present 
to his mind. Indeed, thinking, if possible, even Jess implies pres- 
ence to the mind than knowing does; for it is tolerably certain that 
a mind to whom a word is present with a sense of familiarity knows 
that word ; whereas a mind which being asked to think of anything, 
say a locomotive, simply calls up an image of a locomotive has, in 
all probability, by bad training, pretty nearly lost the power of 
thinking ; for really to think of the locomotive means to put opeself 
in readiness to attach to it any of its essential characters that there 
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may be occasion to consider ; and this must be done by general signs, 
not by an image of the object. But the truth of the matter will 
more fully be brought out as we proceed. 

All that we require of the definition may be put into a simpler 
shape by omitting the letter M, since the interpreter of the graph 
must well understand that the whole talk of the graphist for the 
time being, so far as it refers to things and not to the attributes 
or relations, has reference to the members of a cyclic system. We 
may consequently use the graph of Fig. 12 in place of Fig. 11. 

It will be remarked that the graph of Fig. 12 is no more a 
definition of a cyclic system than it is of the relation of immediate 
antecedence ; and this is as it should be; for plainly a system cannot 
































Fig. 13. 


be defined, without virtually defining the relation between its mem- 
bers that constitutes it a system. 

I will now begin by drawing one of several corollaries that are 
right at my hand. I am always using the words ‘corellary’ and 
theorem in the strict sense of the foregoing definition. This corol- 
lary results from the logical principle that to every predicate there 
is a negative predicate which is true if the former is false, and is 
false if the former is true. This purely logical principle is ex- 
pressed in the graph of Fig. 13. Obviously, if any predicate is both 
true of some member and false of some member of the svstem, the 
same will be the case with its negative. Consequently, by the defi- 
nition, this negative will be true of some member without being true 
of any to which that member is A; or, in other words, the original 
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predicate will be false of some member without being A to any 
member of which it is false. Thus, if any predicate is neither true 
of all nor false of all the members of any cyclic system, but is true 
of some one and false of some other, there will be two different 
members of one of which it is true without being true of any to which 
that member is A, while of the other it is false without being false 
of any to which that member is A. Or, to put the corollary in a 
different light, taking any predicate, P, whatsoever, then, in case 
you can prove that there cannot be more than one exception to the 
rule that every member of the system resembles some one of those 
to which it is A in respect to the truth or falsity concerning it of P, 
then if P be true of one member, it is true of all, and if it be false 
of one, it is false of all. 

I am now going to apply this proposition to a theoric proof of 
a proposition which is really only a corollary from the definition of 
a cyclic system. My motive for this departure from good method 
is that it will afford a good illustration of the advantage of making 
the selected predicate, P, as special and characteristic of the state 
of things you are reasoning about as possible. The proposition I 
am going to prove is, that in any cyclic svstem that contains more 
than one member no member will be A to itself. For this purpose 
I will consider any member of the system you please, and will give 
it the proper name, N. This ecthetic step is already theoric, but is 
a matter of course. Another theoric step, not a matter of course. 
shall consist in my selecting, as the predicate to be considered, “is N.” 
Now if N is A to itself, everv member of the system of which this 
predicate is true (which can be none other than N itself,) will be 
A to a member of which the predicate is also true; and consequently, 
by the definition of a cyclic system this predicate cannot be true of 
one member and false of another. But if there be any other member 
of the system than N, it will be false of that one. Whence, if N 
were A to itself and were not the only member of the system, there 
would be no member of which it would be true that it was N. But 
by the definition, every cyclic system has some member, and N was 
chosen as such. So that it must be, either that the system has no 
other member, or that any member vou please, and consequently 
every oie, is non-A to itself. 

Now what I wanted to point out was that if instead of “is N,” 
I had selected, as my predicate to be considered, “is A to itself,” it 
would merely have followed that since any member that is A to 
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itself is A to a member that is A to itself, by the genera! definition 
either every member of the system is A to itself or none is so. 

I will now prove that this proposition that no member of a 
cyclical system is A to itself unless it is the only member of the 
system is not a theorem, in any strict sense, by proving it corol- 
larially. For this purpose I first prove that no cyclical system, by 
virtue of the same relation A, involves another as a part, but not 
the whole of it. For suppose that certain members of a cyclical 
system form by themselves a cyclical system constituted by the same 
A-hood. Then, by the part of the definition of a cyclical system 
that has been expressed as graph in Fig. 11 and in Fig. 12, there is 
a member of this minor system; and every member of it is A to a 
member of the major system that is a member of the minor system. 
Hence, by that same partial definition, the predicate ‘is a member 
of the minor system” being true of one is true of all members of 
the major system. The minor system is, then, the whole of the 
major system. To go further, I must employ that assertion of the 
definitum “is a cyclic system” concerning the definition-term, which 
assertion has not been expressed as a graph, in order to prove, by 
its conformity with the definition that a single object, having a re- 
lation, identity, to itself, that relation conforming to the conditions of 
the constitutive relation of a cyclical system, must be admitted to 
be a cyclical system of a single member. If, therefore, one of the 
members of a cyclical system of more than one member were A to 
itself, it would be a cyclical system which was a part but not the 
whole of another cyclical system, which we have seen to be im- 
possible. 

I shall now employ the first corollary to prove that every mem- 
ber of a cyclical system is A’d by some member. For take any 
member you please of any such system you please; and I will assign 
to it the proper name N. If then N is the only member of the sys- 
tem, by the definition N is A to itself. But if there be another mem- 
ber, it is one of which the predicate “is N” is not true, though there 
is some member, namely N, of which that predicate is true. Con- 
sequently, by that first corollary, there must be a member of which 
it is not true that it is N which is A to nothing of which this is not 
true. But, by the definition, every member of a cyclic system is 
A to some member; and therefore that member which is not A to 
any member of which “is N” is not true, must be true of a member 
of which “is N” is true, which, by hypothesis, is only N itself; con- 
sequently any member of any cyclic system which one may choose 
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to select is A’d by some member, and by another than itself, if there 
be another. Q.E. D. 

Further investigation of the properties of cyclic systems will 
need a somewhat more recondite theoric step. Certainly, however, 
I must not convey the idea that I claim to be quite sure of this. As 
vet, I have not sufficiently studied the methodeutic of theorematic 
reasoning. I only have an indistinct apprehension of a principle 
which seems to me to prove what I say; and I must confess that of 
all logical habits that of confiding in dedyctions from vague con- 
ceptions is quite the most vicious, since it is just such reasonings 
that to the intellectual rabble are the most convincing: so that the 
conclusions get woven into the general common-sense so closely, 
that it at length seems paradoxical and absurd to deny them, and 
men of “good sense” cling to them long after they have been clearly 
disproved. However, whether it be absolutely necessary or not, 
the only way I see, at present, of demonstrating the remaining 
properties of a cyclic system is to suppose a predicate to be formed 
by a process which will seem somewhat complicated. I shall not state 
what this predicate is, but only suppose it to be formed according 
to a rule; and even this rule will not be exactly stated but only a 
description of its provisions will be given. I shall suppose that 
one member of the system is selected by the rule as one of the class 
of subjects of which the predicate is true, and that the remaining 
members of this class shall be taken into it from among the members 
of the svstem one by one, according to the rule that when the 
member last taken in is not A to any member already taken in, one 
and one only of the members of the system not yet taken in to which 
that last adopted member is A is to be added to the class; and this 
new addition may, in the same way, require another. If the system 
were infinite (as we shall soon see that it cannot be,) this might 
go on endlessly ; and so far, we have not seen that this cannot hap- 
pen. But as soon as it happens that the member last admitted to 
the class is A to a member already admitted (and consequently 
that every member admitted to the class is A to an admitted mem- 
ber) the admissions to the class are to be brought to a stop. There 
are now two supposable cases to be provided for which we shall 
later find will never occur; but if we did not determine what was 
to be done if they should (this not being proved impossible) our 
first proof would involve a petitio principii. One is the case in 
which the finally adopted member is A to a member already having 
an A that had previously been admitted to the class. The other is 
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the case in which the last (but not necessarily the final) adopted 
member is not only A’d by the last previously adopted member (for 
the sake of providing which with a member A’d by it, the very last 
was taken in) but is also A’d by an earlier adopted member. In 
the latter case, in which the member last adopted, which we may 
name V, is not only A’d by the last previous one, which we may 
name U, but is also A’d by a previously adopted member of the 
class which we may name K, we are to reject from the class all that 
were admitted after K to U inclusive; so that we revert to what 
would have been the case, as it might have been, if next after K 
we had admitted V, to which K is A. We should thus make the 
class smaller, which we shall soon see could not happen. In the 
other case, where the last adopted member, which we will name, 
Z, is A to a previously adopted one, which we will name J, which 
was not the first member adopted into the class, but is A’d by another, 
which we will name I, we reject from the class both I and all that 
were adopted previously to I. 

After these supposititious rejections, there is no object of which 
the predicate, “is a member of the class so formed,” is true that is 
not A of any object of which the same predicate is true, and there- 
fore, by the definition so often appealed to, this predicate cannot be 
both true of a member of the cyclic system and false of another 
such member. Now it plainly is true of some member, since the 
first object taken into it as well as every one subsequently taken 
into it were members of the cyclic system. Therefore, this predicate 
cannot be false of any member of the cyclic system. In other words, 
the class so formed includes all the members of the cyclic system. 
Consequently, there cannot have been any rejections. 

Since there were no rejections, the first member adopted must 
remain a member of the class; and since we have seen in a former 
corollary that every member of a cyclic system is A’d by a member 
of the same system, this first adopted member must be A’d by some 
member of the system, that is, by some member of the class. But 
by the rule of formation of the class no member of it except the 
finally adopted one can be A to a previously adopted member. It 
follows that there must be a finally adopted one; and by the same 
rule no member of the class except the first was adopted without there 
being a last previously adopted member. It follows that the suc- 
cession of adoptions cannot, at any part of it, have been endless. 
This is one of the most difficult theorems that I had to prove. 

Moreover, every member of the class is by the mode of forma- 
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tion A to one, and only to one, member of the class: and, con- 
sequently the same is true of all the members of every cyclic sys- 
tem. 

Moreover, every member of the class except the first was only 
taken in so as to be A’d by the last, or, at any rate, by one member 
only ; and the first adopted member as we have seen is A’d by the 
finally adopted member. It cannot be A’d by any other, since by 
the rule of formation, such another would thereby have become the 
finally adopted member. Hence, no member of a cyclic system is 
A’d (in the same sense) by any two members of the system; or 
no two members are A to the same member. 

I have thus, by means of this dewpia of the formation of a certain 
kind of class, succeeded in demonstrating, what one might well have 
doubted, that from the proposition expressed in Fig. 11 follows the 
double uniqueness of the cyclical relation of A-hood or immediate 
antecedence. This is the principal, as I think, of those properties 
that are common and peculiar to cyclical systems. The same theoric 
step, or a reduplication of it, will enable the reader to prove other 
properties, common but not peculiar to cyclic systems; and especially 
that a collection the count of whose members in one order comes to 
an end can never in any order involve an endless process, whether it 
comes to an end or does not. There is, by the way, an important 
logical interest in that mode of succession in which an endless suc- 
cession, say, of odd numbers, is followed by a beginningless dimin- 
ishing succession of even numbers. For it shows that two classes 
of objects may have such a connection with a transitive relation, 
such as are those of causation, logical implication, etc., that any 
member of either class is tmimediately in this relation only to a mem- 
ber of the same class, while yet every member of one of the classes 
may be in this same relation to every member of the other class. 
Thus, it may be that thought only acts upon thought immediately, 
and matter immediately only upon matter: and yet it may be that 
thought acts on matter and matter upon thought, as in fact is plainly 
the case, somehow. 

In this theoric step, it is noticeable that I have had to embody 
the idea of antecedenée generally, in order to prove the properties 
of cyclical immediate antecedence. Any reasoner is always entitled 
to assume that the mind to which he makes appeal is familiar with 
the properties of antecedence in general: since if he were not so, 
he could not even understand what reasoning was at all about. For 
logical antecedence is an idea which no reasoner can unload or dis- 
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pense with. It would have been easy to replace, in my demonstra- 
tions, all the “previously’’s etc. by relations of inference. I have 
not done so in order not to burden the reader’s mind with needlessly 
intricate forms of thought. 

A corollary from what has already been proved is that if we 
regard the definition of Fig. 12 as the definition of A-hood, or cyclical 
immediate antecedence, then A-hood is not a single relation but 
is any one of a class of relations which, if the collection of all the 
members of the system is not very small, is a large class. For taking 
any two members of the system, and naming them Y and Y, we may 
form such a relation, that of A’-hood, that whatever is neither Y 
nor Y, nor is A to Y nor to Y is A’ to whatever is A’d by it, while 
whatever is A to Y is A’ to Y, whatever is A to Y is A’ to Y, what- 
ever is A’d by Y is A”d by Y, and whatever is A’d by Y is A’d by Y; 
and then A’ will have the same general properties as A. Thus, if 
the number of members of a cyclic system is mm, the number of rela- 
tions of A-hood is (m-1)! If m be seven, the number of A-rela- 
tions is 720; etc. 

There is no relation in a cyclic system exactly answering to 
general antecedence in a denumeral* system. 

As a finitude is a positive complication (as is shown by a form 
of inference being valid in a finite system that is not elsewhere 
valid,) so in place of the relation of betweenness which in a linear 
system endless both ways, which, if those ways are not distinctively 
characterized, is triadic, we have in a cyclic system a tetradic rela- 
tion expressible by a with four tails, so that Fig. 14, which means 
that an object which can, wherever it be in the cycle, pass from its 
position to that which is next to that position, being either A to it 
or A’d by it, will if at I be opposite to an object at J, relatively to 
any objects at U and at V. That is, such an object cannot move 
from I to J without passing through U and V. This implies that 
U is opposite to V relatively to I and J; that no other pair out of 
the four are opposite to each other relatively to the other pair; and 
that that way of passing round the cycle in which U is reached next 
after I is the way in which J is reached next after U, V next after 
J, and I next after V; while that way in which V is reached next 
after I is the way in which J is reached next after V, U next after 
J, and I next after U. This supposes that I, J, U, and V are all 
different, as those that are opposite must be unless two that are 


* See Note at the end of the article. 
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adjacent are identical, in which case we may understand the rela- 
tion as always being true and meaningless. 
We may modify this relation, so as to render it exact, by de- 


I I J I A-J A-I a! 
l \ Z me \ 
| ~ oa \ 
vV—-. ——U 5 p ' B 
F ; aN . ‘ 
j Vv U A-V U V A-V 
Fig. 14 Fig. 15. Fig. 16. Fig. 17. 


fining Fig. 15 as true, if I and J are identical while U and V are 
also identical ; or if I and U are identical while J and V are identical, 
and also if Fig. 16 or Fig. 17 is true; but as not true unless neces- 
sarily so according to these principles. This last clause, by the way, 
has a very important logical form; but I shall not stop to comment 
upon it. 

It will be observed that if Fig. 15 is true, then one or other of 
the graphs of Fig. 18 must be true. And if two a-relations hold, 


I . I 
v— :_ —J — ——U 
\ 
U J 
Fig. 15. 


having three of their four correlates identical, and not the same pair 
being opposite in both, then two a-conclusions may be drawn in 
which the two correlates that only appeared once each in the premis- 
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Fig. 19. Fig. 20. 


ses, appear together, and opposite to one another. Thus, from Fig. 
19 may be inferred Fig. 20. The f-relation lends itself to much 
further inferential procedure. In the first place in Fig. 15, the whole 
graph may be turned round on the paper so as to bring each cor- 
relate into the place of its opposite. It may also be turned through 
180° round a vertical axis in the sheet. [It may consequently be 
turned 180° round a horizontal axis in the sheet.] Moreover, the 
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two correlates on the left, I and V, may be interchanged. [And so, 
consequently may J and U.] Moreover, from Fig. 21, we can infer 
Fig. 22. [Whence it follows that from Fig. 23 we can infer Fig 
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Fig. 21. Fig. 22. 
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24.] Also, from Fig. 25 we can infer Fig. 26. Whence there follow 
very obviously several transformations, For example, Fig. 27 will 
be true; and if any three of the four graphs of Fig. 28 are true, so 
is the other one. It is obvious that the relation B involves cyclical 


A-I I 


Fig. 27. 


addition-subtraction, by its definition. Cyclic arithmetic involves 
no other ordinal, or climacote, numbers than cyclic ordinals. But 
if we define a cardinal number as an adjective essentially applicable, 
universally and exclusively, to a plural of a single multitude, then 
even the relations a and B may be said to depend upon the value 
of a cardinal number; namely, upon the modulus of the cycle; and 
no cardinal number is cyclic. Dedekind and others consider the 
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pure abstract integers to be ordinal; and in my opinion they are 
not only right, but might extend the assertion to all real numbers. 
[But what I mean by an ordinal number precisely must be ex- 
plained further on.] Nevertheless, the operations of addition, mul- 
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tiplication, and involution can be more simply defined if they are 
regarded as applied to cardinals, that is to multitudes, than if they are 
regarded in their application to ordinals. 

Thus, the sum of two multitudes, M and N, is simply the multi- 
tude of a collection composed of the mutually exclusive collections 
of the multitudes M and N. The ordinal definition, on the other 
hand, must be that 0+X=X, whatever X may be, while (the ordinal 
next after Y)+X is the ordinal next after (Y+X). So the product 
of two multitudes M and N, is simply the multitude of units each 
composed of a unit of a collection of multitude M and a unit of 
multitude N ; while the ordinal definition must be that 0x0=0 and that 
X x(the ordinal next after Y) is X+(X-+Y) and the ordinal next 
after XxY is (X-Y)+Y. So finally the multitude M raised to the 
power whose exponent is N, is the multitude of ways in which every 
member of a collection of multitude N can be related in a given 


xX Y Zz X Y Z xX Y Z 
AB A B A B 
Xx Y Z X ¥ Z X bf Z 
B A AB A B 
X Z X Y Z Xx Z 
B A B A AB 
Fig. 29. 


way, each to some single member or other of a collection of multitude 
M. Thus 37=9 because the different configurations of Fig. 29 are 
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nine in number; while 2°=8 because the different configurations of 
Fig. 30 are eight in number. But a definition of involution which 


A | B A |B A |B A |B 
XYZ XY | Z KZ || W x | YZ 
A |B A | B A |B A] 8 
VZ | x y | xX Z } KW XYZ 


Fig. 30. 


shall be purely ordinal must be quite a complicated affair. We may 
say, for example, that X1=X and X!+¥Y=X- XY, 

In cyclic addition, that is, in the a and 8 relations, there is but 
a single cardinal number to be dealt with; and this is fully dealt 
with in counting round and round the single cycle. But in multi- 
plication there is always another cycle, and thus another cardinal 
number to be considered, although the modulus of the second cycle 
is usually such that it is not brought to our attention. But suppose 
that in a cycle of 72 we multiply the successive integers from zero 
up by 54. The following will be the result: 


Ox54= O= 72 
1 x 54=54=-18 
2x 54=36 
3x 54=18 
4x54=72= 0 


It will be seen that there is a cycle of modulus 4. Suppose that, in- 
stead of 54, we take 27 as the multiplicand. Then we shall have 
Ox27= O= 72 


1x27 =27 
2x 27 =54=-18 
3x27= 9 
4 x 27 = 36 
5 x 2/7 =63=- 9 
6x 27 =18 
7 x 27 = 45 =-27 
8x27=/2= 0 


By halving the multiplicand we have doubled the modulus. Sup- 
pose, however, that, instead of 4x54, we take 454=18, as the multipli- 
cand. Read the column of successive multiples of 54 upwards, and 
we shall see that the multiples of 18 have a cycle of modulus 4. 
With 6 as the multiplicand we get a cycle of 12 for its mul- 
tiples, the numbers being as follows: 
6, 12, 18, 24, 30, 36, -30, -24, -18, -12, -6, 0 
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With 2x6 we get a cycle of $12, every other one. With 4x6 
as multiplicand, we get a cycle of 412=3, with 8x12 as multiplicand, 
since 3 cannot be halved we still get 3. With 3-6=18 as multipli- 
cand, we get a cycle of 4x12, or every third of the multiples of 6, 
but with 3+ 18=54 as modulus, since 4 is not divisible by 3, we stil! 
get a cycle of 4. With 6-6=36 as multiplicand, we get every sixth 
multiple of 6, or two in all, 0 and 36. With 5x6, 7x6, and 116 
since 12 is not divisible by 5, 7, or 11, we still get a modulus of 12. 
With 30, the order is as follows: 

0, 30, -12, 18, -24, 6, 36, -6, 24, 18, 12, -30, 0. 

This principle is obvious: if the multiples of a number N form 
a cycle of modulus K, and pf is a prime number, then the multiples 
of pN will form a cycle of K/p, provided K is divisible by p; but 
otherwise, the modulus will remain K. Suppose, then, that the 
cycle of multiples of 1, that is to say, the cycle of our entire system 
of numbers is p*-q?, where ~ and q are primes, and a and 0 are any 
whole numbers. If, then, we multiply 1 by 7°-s4-t¢, where 7, s, t 
are other primes than / and q, the modulus of the cycle of multiples 
of r¢+ 54+ t¢ will remain p*-q’. But every time we multiply this by p 
we divide the modulus by /, until we have so multiplied it a times. 
On the other hand, if, instead of multiplying 1 by r¢-s4-t*, we 
multiply it by p2-q° to get a new multiplicand, the modulus of the 
cycle of multiples of p*-q® will be 1; that is, all multiples will be 
equal. It will follow by the distributive principle, that p*-q° added 
to any number leaves that number unchanged. That is to say, the 
modulus of a cycle is the sero of that cycle. But right here I must 
explain what I mean by an ordinal number. 

Take any enumerable, or finite, collection of distinct objects. 
Let there be recognized one special relation in which each of them 
stands to a single one of them, and no two to the same one, and 
such that any predicate whatsoever that is true of any one of them 
and is true of the one to which any one of which it is true stands 
in that relation, is true of all of them. This substantially defines 
that relation as the relation of “being A’d by.” Thereby, that col- 
lection is recognized as forming a cyclical system of which those 
objects are members. But those objects will not in general be 
numbers of any kind. They may be days of the week or certain 
meridians of the Globe. But now consider a single “step,” or sub- 
stitution, by which the A of any member of the cyclic system is re- 
placed by the member itself. From what member this step, or sub- 
stitution began remains indefinite. The “step” still leads to a single 
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member, and the step is a single kind of step even if that member 
be any member you please, in which case it is not a single, i. e. a 
singular, but the general member. I will condescend to meet the 
reader’s probably indurated habit of crass nominalist thought by 
saying that, in the one case, it is a single member not definitely de- 
scribed, and in the other is a single member, left to him to choose ; 
and there is no objection to this, if the member be supposed to be 
both existent and intelligible, both of which however it need not be. 
Give this kind of a step a proper name. Next consider in succession 
all the kinds of step each of which consists in first taking a step of the 
last previously considered kind and then substituting for the member 
which it puts in place of another, the member of which that member 
is A; so that the kinds of steps may be 

From the A of a member to that member, 

From the A of the A of a member to that member, 

From the A of the A of the A of a member to that member, 

etc. etc. 

Now if each of these has a name, whether pronounced, scribed, 
or merely thought, those names will come round in a cycle of the 
same modulus as the original system. They will therefore form 
a cyclic system, but not a system of objects not essentially ordered, 
as the original system may have been. This system of names is a 
cyclic system of numbers. These are ordinal, or climacote, numbers. 
By ordinal numbers in general I mean names essentially denoting 
kinds of steps each from any member whatever of a system of objects 
to, at most, a single object of the system, (i. e., one or another ob- 
ject, depending on what object the step replaces by this other). 
Thus, as I use the term “ordinal number” I do not mean the absolute 
first, second, third, etc. member of a row of objects, but rather such 
as these: the same as, the first after, the second after, the third before, 
etc. These numbers are certainly “ordinal” in the sense of ex- 
pressing relative order; yet it might be better to avoid possible mis- 
understanding by calling them metrical numbers, or more specifically, 
climacode or climacote numbers. 

In order to push further our study of this subject, let us sup- 
pose a pack of 72 cards, numbered in order upon their faces, to be 
dealt into two piles. We will not directly consider those serial face- 
values, but only their differences. The two piles cannot regularly 
be reunited, because the difference of successive face-values in each, 
comes round in a cycle in each pile, the bottom card of the one pile, 
1, being 2 more than the top card 71 (counting round the cycle of 
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modulus 72) and that of the other pile also coming round in a cycle. 
The difference between the face-values of any two cards in either 
pile is a multiple of 2, the multiplier being the difference of position 
in that pile. If now we desire so to re-deal the cards of the one pile 
and the other into any number » of piles, as to produce the same 
effect as if they had originally been dealt into 2 piles, we must 
first deal the first pile leaving room between every two of the new 
piles for the piles to be produced by dealing the second pile. If for 
the number, 1, we take 8, we shall get sixteen piles, the first 8 of 5 
cards each and the last 5 of 4; and now it is allowable and proper 
to place each of the first 8 piles on the pile 8 piles further advanced ; 
or equally so to place each of the last 8 piles on the pile 8 piles further 
advanced, counting round and round the cycle of modulus 16. In 
either case the cards of each composite pile so formed will form a 
cycle, successive face-values increasing (round and round the cycle 
of 72) by 16. The rule for gathering the piles is just the same as 
that previously given, except that one must confine oneself to piles 
of the same set. For instance if 72 cards, numbered as just de- 
scribed, get in any way dealt into 15 piles, the top cards of the 
piles will have these values: 
61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 58, 59, 60 
Now since 15172=3 these are in 5 sets of 3 piles, thus 
61, 64, 67, 70, 58, 
62, 65, 68, Fi, 59, 
63, 66, 69, 72, 60. 

We shall therefore put the pile headed by 72 on the pile headed 
by 69, because there is only one pile of the set to the right of the 
former, and these on the pile headed by 66, and these on that headed 
by 63, and finally all four on the one headed by 60. So we shall in 
the next set begin with the pile headed by 71, the last of the larger 
piles. 

We shall thus get the whole pack divided into three portions, 
and there is absolutely no way of getting them back into a single 
pack except by undealing them, that is by cutting the cards one 
by one from the three portions in turn, round and round. 

This general rule holds in all cases; as much when the entire 
number of cards is prime as when it is composite. For a prime 
number is one whose greatest common divisor with any smaller posi- 
tive integer is 1, while, of course, like any other number, its greatest 
divisor common to itself is itself. 

Having thus fully explained the dealing into any number of 
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piles of any number of cards, prime or composite, I revert, after 
this almost interminable disquisition, to the subject of cyclic loga- 
rithms. I have confined, and shall continue to confine, my study 
of these to logarithms of numbers whose cycle has a prime modulus. 
Then, the modulus of the cycle of the logarithms being one less 
than that of the natural numbers cannot be prime. Still so long 
as it is a question of employing the logarithms merely to multiply 
two numbers, the logarithm of the product is simply the sum ‘of the 
logarithms of multiplier and multiplicand ; and in addition it makes 
no difference whether the modulus be prime or composite. But when 
it comes to raising numbers to powers or to extracting their roots, 
the divisors of the number one less than the modulus have to be 
considered. The modulus being prime, the number one less must 
be divisible by 2. If 2 be the only prime factor, the modulus must 
be 3 or 5 or 17 or 65537 or much greater yet. As an example, let 
us take the modulus 17. Then the following two pairs of tables 
show the logarithms for the 8 different bases 3, 5, 6, 7, 10, 11, 12, 14. 


Nat. nos (ag D7 gts 8 8 Ht +38 “9 9 “19 + 08 
oo" Me 38g O° 4s 6 As a2 G6 1, 8 9 4 1g 2 6 1 


Reg TERS lei i ll i: ie ie dig 


cae. -16 -1§ -14 -13 -12-11 -10 -9 -8 -7 -6 -5 -4 -3 -2 -I oO 





( -16 -1§ -14 -13 -12-11 -10 -g -8 -7 -6 -5§ -4 -3 -2 -I 


Nat. 4 
MOS) ty 2 39g § (6 U7 «68 6g 10 rr 12 13 14 «15 16 
Logs.} ° 14 «OI » se sis 10 2 3 2 3 4 9 6 8 
(-16 -2-1§ -4-1r -1 -§ -6-14-13 -g9 -3-12 -7-10 -8 





ia fe ae One ea Pe ee ee ay 
“™. « & @ 98 G6 49 24 @ ZO 1622 9 13 4 9 555 7 


3 4 5 6 7 8 9g 10 Ir 12 13 14 15° 


Li 
- ine -15 -14 -13 -I2-11 -10 -g -8 -7 -6 -5 -4 -3 -2 -I 





: ioe ries: = -13 -I12-11 -10 -g -8 -7 -6 -5 -4 -3 -2 -I 
4 5 6 7 8 9g 10 Ir 12 13 14 I§ 16 


aad eed 210 711 g 4 5§ 14 8 


Logs. 
08s 1-16 -10 -3 -4-I1§ -13 -1-14 -6 -g -§ -7-12-I1 -2 -8 


Of course, none of the even numbers can be logarithms of a 
possible base of another system since with a modulus 16 no multiple 
of an even number can be 1, the logarithm of the base. On the 
other hand, every odd number is in every system of logarithms the 
logarithm of some base. 

If, instead of 13 cards and 12, the “trick” be done with 17 and 
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16, say the first eight hearts increasingly and then the first eight 
diamonds decreasing!y, with the joker or king of hearts to make 
up 17 and with the first eight spades to correspond with the hearts 
and the first eight clubs to correspond with the diamonds, laying 
down the black cards on the table, in tzvo rows, one of eight from 
left to right, and the other below from right to left, after having 
dealt the black cards 16 times into three piles and every time ex- 
changing the top card of the middle pile for the topmost red card, 
so as to bring the ace of spades into the right-hand-most place of 
the upper row, then having done the trick substantially as above 
described, there is a very pretty way in which you can ask into 
what odd number of piles the black cards shall be dealt and then deal- 
ing out the red cards, minus the extra one 16 times exchanging a card 
each time for the three court cards and ten of each suit, so as to 
again render the black ones the index of the places of the red ones. 
But I leave it to the reader's ingenuity to find out exactly how this 
is to be done. Beware of the moduli. 

There is much more to be said on this subject, but I teave it 
for the reader to investigate. 


CHARLES SANTIAGO SANDERS PEIRCE. 
MirForp, Pa. 


NOTE REFERRED TO ON PAGE 452. 


Denumeral is applied to a collection in one-to-one correspondence to a 
collection in which every member is immediately followed by a single other 
member, and in which but a single member does not, immedi ately or mediately, 
follow any other. A collection is in one-to-one correspondence to another, 
if, and only if, there is a relation, 7, such that every member of the first col- 
lection is r to some member of the second to which no other member of the 
first is r, while to every member of the second some member of the first is r, 
without being r to any other member of the second. The positive integers 
form the most obviously denumeral system. So does the system of all real 
integers, which, by the way, does not pass through infinity, since infinity itself 
is not part of the system. So does a Cantorian collection in which the endless 
series of all positive integers is immediately followed by :, and this by #:-+1, 
this by #,+2, and so on endlessly, this endless series being immediately followed 
by 2w:. Upon this follow an endless series of endless series all positive integer 
coefficients of # being exhausted, whereupon immediately follows #?, and in 
due course 1+#?+-yo,+s, where +, y, z, are integers; and so on; in short, any 
system in which every member can be described so as to distinguish it from 
every other by a finite number of characters joined together in a finite number 
of ways, is a denumeral system. For writing the positive whole numbers in 
any way, most systematically thus: 

I, 10, II, 100, IOI, 110, III, 1000, I00I, IOI0, IOI, etc. 
it is plain that an infinite square matrix of pairs of such numbers can be ar- 
ranged in one series, by proceeding along successive bevel lines thus: (1, 1); 
(1, 10) ; (10, 1): (1, 11); (10, 10); (11, 1): (1, 100); (10; 11); (11; 10); etc. 
and consequently whatever can be arranged in such a square can be arranged 
in one row. 
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Thus an endless square of quaternions such as the following can be so 
arranged: 


[(1,1) (1,1)]:((1,1) (1,10)]; [(1,1) (10,1)]: [(t,1) (1,11)]; ete. 
[(1,10) (1,1)]: [(1,10) (1,10)]; [(1, 10) (10,1)] : [(1, 10) (1,11)]; ete. 
[(10,1) (1,1)] : [(10,1) (1,10)]; [(10,1) (10,1)] : [(10,1) (1,11)]; ete. 
[(z, 21) (1,1)] : [(1, 11) (1,10)]; [(1,11) (10,1)] : [(1,11) (1,11)]; ete. 


Consequently whatever can be arranged in a block of any finite number of 
dimensions can be arranged in a linear succession. Thus it becomes evident 
that any collection of objects, every one of which can be distinguished from 
all others by a finite collection of marks joined in a finite number of ways can 
be of no greater than the denumeral multitude. (The bearing of this upon 
Cantor’s mw” is not very clear to my mind.) But when we come to the 
collection of all irrational fractions, to exactly distinguish each of which from 
all others would require an endless series of decimal places, we reach a greater 
multitude, or grade of maniness, namely, the first abnumerable multitude. It is 
called “abnumerable,” to mean that there is, not only no way of counting the 
single members of such a collection so that, at last, every one will have been 
counted (in which case the multitude would be enumerable), but, further, 
there is no way of counting them so that every member will after a while get 
counted (which is the case with the single multitude called denumeral). It is 
called the frst abnumerable multitude, because it is the smallest of an endless 
succession of abnumerable multitudes each smaller than the next. For what- 
ever multitude of a collection of single members # may denote, 24, or the 
multitude of different collections, in such collection of multitude 4, is always 
greater than u. The different members of an abnumerable collection are not 
capable of being distinguished, each one from all others. by any finite collec- 
tion of marks or of finite sets of marks. But by the very definition of the first 
abnumerable multitude, as being the multitude of collections (or we might as 
well say of denumeral collections) that exist among the members of a de- 
numeral collection, it follows that all the members of a first-abnumerable col- 
lection are capable of being ranged in a linear series, and of being so described 
that, of any two, we can tell which comes earlier in the series. For the two 
denumeral collections being each serially arranged, so that there is in each a 
first member and a singular next later member after each member, there 
will be a definite first member in respect to containing or not containing which 
the two collections differ, and we may adopt either the rule that the collection 
that contains, or the rule that the collection that does not contain, this member 

shall be earlier in the series of collections. Consequently a first-abnumerable 
callsétion is capable of having all its members arranged in a linear series 

But if we define a pure abnumerable collection as a collection of all collections 
of members of a denumeral collection each of which includes a denumeral 
collection of those members and excludes a denumeral collection of them, 
then there will be no two among all such pure abnumerable collections of 
which one follows next after the other or of which one next precedes the 
other, according to that rule. For example. among all decimal fra ictions 
whose decimal expressions contain each an infinite number of ts and an in- 
finite number of os, but no other figures, it is evident that there will be no 
two between which others of the same sort are not intermediate in value. 
What number for instance is next greater or next less than one which has 
a I in every place whose ordinal number is prime and a zero in every place 
whose ordinal number is composite? + ITIOIOIO0OIO1O00I010001000001 ete. 
Evidently, there is none; and this being the case. it is evident that all members 
of a pure second-abnumerable collection. which both contains and excludes 
among its members first-abnumerable collections formed of the members of 
a pure first-abnumerable collection, cannot, in any such way. be in any linear 
series. Should further investigation prove that a second-abnumeral multitude 
can in no wav be linearly arranged. my former opinion that the common con- 
ception of a line implies that there is room upon it for any multitude of points 
whatsoever will need modification. 
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Certainly, I am obliged to confess that the ideas of common sense are not 
sufficiently distinct to render such an implication concerning the continuity 
of a line evident. But even should it be proved that no collection of higher 
multitude than the first abnumerable can be linearly arranged, this would be 
very far from establishing the idea of certain mathematico- logicians that a 
line consists of points. The question is not a physical one: it is simply 
whether there can be a consistent conception of a more perfect continuity 
than the so-called “continuity” of the theory of functions (and of the differen- 
tial calculus) which makes the continuum a first-abnumerable system of 
points. It will still remain true, after the supposed demonstration, that no 
collection of points, each distinct from every other, can make up a line, no 
matter what relation may subsist between them; and therefore whatever mul- 
titude of points be placed upon a line, they leave room for the same multitude 
that there was room for on the line before placing any points upon it. This 
would generally be the case if there were room only for the denumeral 
multitude of points upon the line. As long as there is certainly room for the 
first denumerable multitude, no denumeral collection can be so placed as to 
diminish the room, even if, as my opponents seem to think, the line is com- 
posed of actual determinate points. But in my view the unoccupied points 
of a line are mere possibilities of points, and as such are not subject to the 
law of contradiction, for what merely can be may also not be. And therefore 
there is no cutting down of the possibility merely by some possibility having 
been actualized. A man who can see does not become deprived of the power 
merely by the fact that he has seen. 

The argument which seems to me to prove, not only that there is such 
a conception of continuity as I contend for, but that it is realized in the 
universe, is that if it were not so, nobody could have any memory. If time, 
as many have thought, consists of discrete instants, all but the feeling of the 
present instant would be utterly non-existent. But I have argued this else- 
where. The idea of some psychologists of meeting the difficulties by means of 
the indefinite phenomenon of the span of consciousness betrays a complete 
misapprehension of the nature of those difficulties. 

Added, 1908, May 26. In going over the proofs of this paper, written 
nearly a year ago, I can announce tliat I have, in the interval, taken a con- 
siderable stride toward the solution of the question of continuity, having at 
length clearly and minutely analyzed my own conception of a perfect con- 
tinuum as well as that of an imperfect continuum, that is, a continuum having 
topical singularities, or places of lower dimensionality where it is interrupted 
or divides. These labors are worth recording in a separate paper, if I ever 
get leisure to write it. Meantime, I will jot down, as well as I briefly can, 
one or two points. If in an otherwise unoccupied continuum a figure of lower 
dimensionality be constructed,—such as an oval line on a spheroidal or anchor- 
ring surface,—either that figure is a part of the continuum or it is not. If it 
is, it is a topical singularity, and according to my concept of continuity, is a 
breach of continuity. If it is not, it constitutes no objection to my view that 
all the parts of a perfect continuum have the same dimensionality as the 
whole. (Strictly, all the material, or actual, parts, but I cannot now take the 
space that minute accuracy would require, which would be many pages.) 
That being the case, my notion of the essential character of a perfect con- 
tinuum is the absolute generality with which two rules hold good, tst, that 
every part has parts; and 2d, that every sufficiently small part has the same 
mode of immediate connection with others as every other has. This mani- 
festly vague statement will more clearly convey my idea (though less dis- 
tinctly,) than the elaborate full explication of it could. In endeavoring to 
explicate “immediate connection,’ I seem driven to introduce the idea of 
time. Now if my definition of continuity involves the notion of immediate 
connection, and my definition of :mmediate connection involy es the notion of 
time; and the notion of time involves that of continuity, I am‘ falling into a 
circulus in definiendo. But on analyzing carefully the idea of Time. I find 
that to say it is continuous is just like saying that the atomic weight of 
oxygen is 16, meaning that that shall be the standard for all other atomic 
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weights. The one asserts no more of Time than the other asserts concerning 
the atomic weight of oxygen ;—that is, just nothing at all. If we are to sup- 
pose the idea of Time is wholly an affair of immediate consciousness, like 
the idea of royal purple, it cannot be analyzed and the whole inquiry comes to 
an end. If it can be analyzed, the way to go about the business is to trace out in 
imagination a course of observation and reflection that might cause the idea 
(or so much of it as is not mere feeling) to arise in a mind from which it was 
at first absent. It might arise in such a mind as a hypothesis to account for 
the seeming violations of the principle of contradiction in all alternating 
phenomena, the beats of the pulse, breathing, day and night. For though the 
idea would be absent from such a mind, that is not to suppose him blind to 
the facts. His hypothesis would be that we are, somehow, in a situation like 
that of sailing along a coast in the cabin of a steamboat in a dark night 
illumined by frequent flashes of lightning, and looking out of the windows 

As long as we think the things we see are the same, they seem self- contra- 
dictory. But suppose them to be mere aspects, that 1s, relations to ourselves, 
and the phenomena are explained by supposing our standpoint to be different 
in the different flashes. Following out this idea, we soon see that it means 
nothing at all to say that time is unbroken. For if we all fall into a sleeping- 
beauty sleep, and time itself stops during the interruption, the instant of 
going to sleep is absolutely unseparated from the instant of waking; and the 
interruption is merely in our way of thinking, not in time itself. There are 
many other curious points in my new analysis. Thus, I show that my true 
continuum might have room only for a denumeral multitude of points, or it 
might have room for just any abnumeral multitude of which the units are in 
themselves capable of being put in a linear relationship, or there might be room 
for all multitudes, supposing no multitude is contrary to a linear arrangement. 














CRITICISMS AND DISCUSSIONS. 


PSEUDO-GEOMETRY. 

There have appeared in The Monist, from time to time, articles 
treating of ‘“‘Hyper-space,” ‘*Non-Euclidean Geometry,” “ Pan-Geom- 
etry,” or what might more appropriately be called ‘*Pseudo-Geom- 
etry.” I am the more surprised to see these articles go unchallenged 
in a periodical aiming so scrupulously at rigor in reasoning as does 
The Monist. 

‘“Pan-Geometry” may be very well as a sort of mental gym- 
nastics to test the power of the reasoning faculty by giving it a 
false or impossible foundation. Such are the old arithmetical puz- 
zles as—"If 2 were 3, what would the half of twenty be?” Likewise 
the algebraic imaginary; in rigor it is an impossible task since it 
arises from impossible conditions. The square root of minus one is 
impossible, and there is no such quantity in reality, since the square 
of every rational quantity is plus in sign. Yet from the law of 
signs in algebra we attempt to interpret this irrational quantity and 
succeed when we treat it as a mere “operator.” We reason legiti- 
mately as follows: If the square of a negative is a positive and 
if the numerical value be unity, there is a complete reversal. Then 
if we consider the expression \/—I as a quantity, multiplier, or 
operator, we find that by using it twice it effects a reversal. If its 
use twice as a factor effects a complete reversal, then using it once 
ought to effect a half reversal. If the quantity be treated as a line, 
then a complete reversal is a rotation through 180 degrees, and 
a half reversal is a rotation of the line about one extremity through 
an angle of go degrees. General expressions of the form a+b\/—1 
were discussed early in the 19th century by various mathematicians 
and developed as “theory of complex numbers,” “double algebra,” 


and “‘quaternions.” By use of the “operator” Hamilton took a step 
beyond all previous mathematicians in applying it to a directed line 
in space, thus founding a new science of mathematics, Quaternions. 
Yet in all these discussions the expression \/—1 is not treated as a 
real quantity, but as a mere sign of operation. 
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All writers on “pan-geometry,” and “hyper-space” to whom my 
attention has been called found their system on absurd or impossible 
postulates, and that they reach absurd results is not surprising. They 
assume that a straight line returns into itself; that the sum of the 
angles of a plane triangle is less than two right angles, or that it is 
greater ; that the postulate of parallels is untrue, and that parallels 
meet at an infinite distance. 

All these propositions are without validity in truth. Even the 
last which we meet with so often in mathematical works is untrue 
and never ought to be stated as true. The real meaning of the 
statement is that, when we consider the distance of parallels apart, 
it may be neglected as insignificant in comparison, when treating of 
lines infinitely long. As a matter of real truth the parallels are as 
far apart at the infinite distance as they were at the place of begin- 
ning. That is, indeed, true by our definition of parallels. 

In the January (1906) number of The Monist Cassius J. Keyser 
discusses these subjects under the title “Mathematical Emancipa- 
tions,” endeavoring to develop and make clear to the popular imagi- 
nation the idea of “hyper-space” from the theory of a “manifold 
assemblage.” Without discussing the paper or commenting on his 
ability to imagine figures in four-dimensional space, I wish to 
point out some of his fundamental errors of assumption, leaving 
others to say whether any confidence can be placed in reasoning 
based on such foundation. 

He assumes a line as a “manifold of points.” This is clearly 
impossible. Continuous quantity cannot be represented by a mani- 
fold and its correspondent, number The very nature of “manifold” 
makes it discrete and not continuous. A line cannot be made up of 
mathematical points, since a point has no magnitude, merely position. 
Two points, however near together, may have an infinite number 
of interpolations between them. The length of a point is an absolute 
zero. This multiplied by any infinite or series of infinites is still 
zero. We are used to saying that a zero multiplied by an infinite 
produces a finite; but the zero thus considered is merely an infini- 
tesimal, to be rigorously distinguished from the zero absolute, which 
represents no quantity. An infinity of points with zero distance 
between them still has no magnitude. An infinity of points in a line 
represents a discrete quantity and not a continuum, and may be 
represented by discrete number 1, 2, 3 etc., where we may make the 
unit as small as we please, but never an absolute zero. 

As soon as we give a point magnitude we start with three-dimen- 
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sional space, and all our reasoning is in three-dimensional space: our 
line is length, breadth, and thickness, though the latter two may be 
infinitesimals ; our surfaces are length, breadth, and thickness, though 
the last may be an infinitesimal. It is thus evident that we cannot 
pass from one order of space to another by any system of multi- 
plication. Points cannot become a line; nor lines, a surface; nor 
surfaces, a solid. 

It is true that a point in motion describes a line and must de- 
scribe a line. A line may describe a line, if it follow along itself as 
a path; otherwise its motion must describe a surface. A surface 
(a plane and surface of a sphere only) may describe a surface if it 
follows along itself as a path; otherwise it must describe a solid. A 
solid in motion may describe an infinite number of solids, but its 
motion always describes a solid. It may be a solid of revolution, 
a prism, a tortuous prism or cylindroid etc. It cannot be conceived 
as describing space other than three-dimensional. We have no valid 
reason for assuming that there is any higher order of space in the 
ordinary signification than three-dimensional. Indeed there is the 
best of reasons for assuming that there is none. 

Volumes have been written by psychologists and philosophers 
to explain the notion of space; and the more these philosophers 
write, the more they seem to think there is something mysterious 
about it, and the more they themselves become befogged in their 
reasoning about it. It is a mere matter of definition; everyone 
knows what it is and can usually define what he means by the word. 
One might as well attempt to prove that a straight line is straight, 
or that a circle is circular. Discussions of all self-evident truths 
are profitless ; except it may be to show how such truths are appre- 
hended, and it is extremely doubtful whether these succeed in the 
sense of giving mental satisfaction. 

But what I wish most to protest against, is the use of funda- 
mental untruths as the basis of rigorous reasoning, and insisting on 
the truth of the deductions when negatived by consciousness and 
common reason. 

LANSING, MIcH. Cuas. H. CHase. 


EDITORIAL COMMENT. 


This communication on “Pseudo-Geometry” by Judge Charles 
H. Chase has a certain justification. It is an expression of common 
‘sense against being bulldozed into mysticism by the extravagances 
of a highly abstruse reasoning, and we endorse his protest so far 
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as to say that we too do not believe in pseudo-geometry. We have 
explained our own view on mathematics in a series of articles, pub- 
lished in The Monist, XIII, 273, 370, 493, and need not repeat our- 
selves here. In these articles we have not countenanced meta- 
geometry except as a method of space-construction which is possible, 
but which possesses little practical use because our old traditional 
geometry is simpler and better adapted to the solution of the prob- 
lems of space-relations. Pangeometry as a higher generalization is 
helpful in order to understand certain problems because it makes 
Euclidean geometry appear as one special case among several possi- 
bilities. 

The problem of the significance of metageometry as well as 
pangeometry is, however, not quite so simple as Judge Chase would 
have us believe. The reason of the mathematicians is in no way 
different from common sense. The mechanism of the two differs 
only as a precision machine would be different from any other one 
built in a rougher style. At the same time we must insist that a 
person operating the more delicate micrometer is just as apt to 
make mistakes as the man who uses a foot-rule. Mathematicians 
and philosophers have made mistakes as well as the people of com- 
mon sense, and so we must not be astonished to find in the realm 
of abstruse thought statements which common sense would deem 
extravagant or even obviously self-contradictory. 

We must bear in mind that geometry together with arithmetic 
and logic are constructions of pure thought. They are not realities, 
nor do they represent real things. They represent mere relations, 
and we are at liberty to make these constructions according to the 
principles which we lay down at the start. The simplest principle 
will lead to the simplest system, and it is obvious that the simplest 
system will be most useful for dealing with actual things. Our 
geometrical constructions are like models representing relations in 
pure thought which may exist in reality. 

We must distinguish therefore between geometrical space and 
real space. It is a pity that both are denoted by the same word. 
Actual space is an objective feature of the things with which we be- 
come acquainted in our experience. Our space-conception, however, 
is mere thought, but it is useful in calculating the space-relations of 
real things. 

It is possible to construct several spaces in the realm of pure 
thought, but it is not possible to assume that there are several spaces 
in the objective world. The space of objective existence is simply 
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the juxtaposition of things, or the scope of the changes that may be 
made in this juxtaposition. In other words, space is the scope of 
motion. The two definitions are practically the same, but I would 
prefer the latter one as more descriptive of both the nature of space 
and the origin of our space-conception. The former definition, “the 
juxtaposition of things” is static; the latter, “the scope of motion,” 
is dynamic, and since life is action, the latter seems more appropriate. 

By moving about we construct our space-conception from the 
fact of our own motility, which means that we can move about and 
change the place of our own position as well as the position of things 
in our surroundings. 

According to Kant our space-conception is a priori, which means 
in Kantian terminology that it can be constructed without resorting 
to sense-impressions. This is true, but nevertheless geometry is not 
absolutely a priori. It makes use of the idea of motion which we 
tacitly retain and utilize in constructing our field of action, 1. e., our 
general conception of space. 

The geometrician experiments with his motion, and constructs 
points, lines, surfaces and solids. None of them are real, but all of 
them are called true if they are constructed with rigid consistency 
according to the principle laid down. A theorem is true if it agrees 
with the necessary result acomplished by construction—a result which 
in most cases is uniquely determined. 

There are cases in which the function can not be executed. 
Such is especially the extraction of the square root of minus quanti- 
ties, and so mathematics is nonplused ‘when it is confronted with the 
solution of \/—1. This is called the irrational, but it had better be 
called “the unrealizable.” It is not against reason; the simple truth 
is, it can not be done. 

We agree perfectly with Judge Chase when he denounces mathe- 
maticians for speaking of the sum of the angles of a plane triangle 
as being more or less than two right angles. If a triangle is plane 
the sum of the angles is unequivocally equal to two right angles, for 
it has been made so by construction, and there can be no quibbling 
about it. If there were any doubt we would have to insist that the 
triangle, the sum of whose angles is more or less than 180°, can not 
be a plane triangle but must belong to another system of geometry. 
When we deal with real space we may boldly say that the method 
of measuring and determining points by three co-ordinates will al- 
ways prove sufficient, and this is all that can reasonably be meant 
by the statement that space, viz., the objective space of things, is 
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tridimensional, but if we deal with space-conceptions as mathemat- 
ical constructions we may very well build up systems of different 
manifoldness, and need not limit ourselves to three dimensions. 
By moving a point we create a line ; by moving a line in another but 
its own direction we create a surface; by moving a surface not in 
its own plane but in some other direction we create a solid. Now 
if we move a real solid in actual space we produce a change of 
place but we do not create a new dimension; but if we move a 
mathematical solid at the same time retaining its path just as we did 
before when creating the surface from a line and the solid from a 
surface we shall not leave this geometrical solid unaltered but we 
shall produce a new kind of a body which is four-dimensional, and 
which augments the significance of the solid just as the path of the 
surface increased the significance of the plane. 

The difficulty consists solely in the fact that actual space, viz., 
our scope of motion, allows us to go in any direction possible, and 
however much we may strain our imagination, we can not find a 
direction not already contained in the solid. So in reality we can 
not fulfil the condition that in constructing the next higher figure 
we must move at a right angle in a direction not contained in the 
figure with which we start. But what is impossible in actual space 
is allowable to the imagination. 

We must grant that the four-dimensional figure is imaginary, 
but it is no more imaginary than mathematical lines, surfaces and 
solids. The space through which the solid travels is, as it were, 
(if we cling to the motion of tridimensional space) in part covered 
twice, and it is true we can have no conception of its appearance. 

The realm of thought is wide, and so nothing will prevent us 
from making any imaginary construction of four-dimensional bodies, 
and the strange thing about it is that though we can not picture it 
as a sense-perceptible form we can determine the laws of four- 
dimensional bodies with absolute exactness. Take for instance a 
line of three linear inches. If we move it at right angles with 
its own direction the surface will contain nine square inches. If we 
now move the surface again in a direction at right angles to the 
plane we will have a solid of twenty-seven cubic inches, and here 
our mode of representing further results of motion in a sense-per- 
ceptible image stops. But suppose we should move it again at the 
right angle of its own former construction (whatever that may be) 
we shall construct a figure, unrealizable though it may be, which 
will consist of 81 inches, each one being possessed of four directions. 
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This method of geometrizing is, as Judge Chase rightly says, 
a kind of mental gymnastics, but in principle it is in no wise different 
from Euclidean geometry and solid geometry. It is a construction 
of pure thought and is the product of generalizing the idea of 
dimension which creates new possibilities, incompatible though they 
may be with actual space. 

There are some who talk about the possibility that our objective 
space may not be Euclidean but like one of the hyperspaces of mod- 
ern mathematicians. But the hypothesis is worthless if we consider 
that objective space does not consist of objective things, but is a mere 
scope of motion. Whatever may be said in justification and in 
praise of metageometry, one thing is sure: There is no mathemati- 
cian who for the sake of calculating distances, loci, or angles in the 
conditions of actual space would utilize or seriously recommend the 
use of any other but the Euclidean geometry. 


SPACE OF FOUR DIMENSIONS. 

The several conceptions of space of more than three dimensions 
are of a purely abstract nature, yet they are by no means vague, but 
definitely determined by the conditions of their construction. There- 
fore we can determine their abstract thought and very details with 
perfect exactness and formulate in abstract thought the laws of 
four-, five-, six-, and m-dimensional space. The difficulty with which 
we are beset in constructing n-dimensional spaces consists in our 
inability to make them representable to our senses. Here we are 
confronted with what may be called the limitations of our mental 
constitution. These limitations, if such they be, are conditioned by 
the nature of our mode of motion, which if reduced to a mathe- 
matical system needs for a description in definite terms three co- 


., ordinates, and this means that our space-conception is tridimensional. 





We ourselves are tridimensional; we can measure the space in 
which we move with three co-ordinates, yet we can definitely say 
that if space were four-dimensional, a body constructed of two fac- 
tors, so as to have a four-dimensional solidity, would be expressed 
in the formula: 


(a+b) * =a*+4a°b+6a?b?+4ab3+b*. 

We can calculate, compute, excogitate, and describe all the 
characteristics of four-dimensional space, so long as we remain in 
the realm of abstract thought and do not venture to make use of 
ovr motility and execute our plan in an actualized construction of 
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motion. From the standpoint of pure logic, there is nothing irra- 
tional about the assumption; but as soon as we make an a priori 
construction of the scope of our motility, we find out the incom- 
patibility of the whole scheme. 

In order to make the idea of a space of more than three dimen- 
sions plausible or intelligible, we resort to the relation between two- 
dimensional beings and tridimensional space. The nature of tridimen- 
sional space may be indicated yet not fully represented in two- 
dimensional space. If we construct a square upon the line AB 
one inch long, it will be bounded by four lines each one an inch in 
length. In order to construct upon the square ABCD a cube of the 
same measure, we must raise the square by one inch into the third 
dimension in a direction at right angles to its surface, the result 
being a figure bounded by six surfaces, each of which is a one-inch 
square. If two-dimensional beings who could not rise into the third 
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dimension wished to gain an idea of space of a higher dimensionality 
and picture in their own two-dimensional mathematics the results 
of three dimensions, they might push out the square in any direction 
within their own plane to a distance of one inch, and then connect 
all the corners of the image of the square in its new position with the 
corresponding points of the old square. The result would be what is 
to us tridimensional beings the picture of a cube. 

When we count the plane quadrilateral figures produced by this 
combination, we find that there are six corresponding to the bound- 
aries of a cube. We must bear in mind that only the original and 
the new square will be real squares, the four intermediary figures 
which have originated incidentally through our construction of 
moving the square to a distance, exhibit a slant which our two- 
dimensional beings must regard as distortions of a rectangular re- 
lation, which faultiness has been caused by the insufficiency of their 
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methods of representation. Moreover all squares count in full, and 
where their surfaces overlap they count double. 

Two-dimensional beings having made such a construction must 
however bear in mind that the field covered by the sides, GEFH 
and BFDH, does not take up any room in their own plane, for it 
is only a picture of the extension which reaches out either above or 
below their own plane; and if they venture out on this field covered 
by their construction, they have to remember that it is as empty 
and unoccupied as the space beyond the boundaries AC and AB. 

Now if we tridimensional beings wish to do the same, how shall 
we proceed ? 

We must move a tridimensional body in a rectangular direction 
into a new (i. e., the fourth) dimension, and, being unable to ac- 
complish this, we may represent the operation by mirrors. Having 
three dimensions we need three mirrors standing at right angles. 
We know by a priori considerations according to the principle of 
our construction that the boundaries of a four-dimensional body must 
be solids, i. e., tridimensional bodies, and while the sides of a cube 
(algebraically represented by a*) must be six surfaces (i. e., two- 
dimensional figures, one at each end of the dimensional line) the 
boundaries of an analogous four-dimensional body, built up like the 
cube and the square on a rectangular plan, must be eight solids, i. e., 
cubes. If we build up three mirrors at right angles and place any 
object in the intersecting corner we shall see the object not once 
but eight times. The body is reflected below, and the object thus 
doubled is mirrored not only on both upright sides but also in ad- 
dition in the corner beyond, appearing in either of the upright 
mirrors coincidingly in the same place. Thus the total multiplication 
of our tridimensional boundaries of a four-dimensional complex is 
rendered eightfold. 

We must now bear in mind that this representation of a fourth 
dimension suffers from all the faults of the analogous figure of a 
cube in two-dimensional space. The several figures are not eight 
independent bodies but they are mere boundaries and the four dimen- 
sional space is conditioned by their interrelation. It is that un- 
representable something which they enclose, or in other words, of 
which they are assumed to be boundaries. If we were four-dimen- 
sional beings we could naturally and easily enter into the mirrored 
space and transfer tri-dimensional bodies or part of them into those 
other objects reflected here in the mirrors representing the boundaries 
of four-dimensional objects. While thus on the one hand the mir- 
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rored pictures would be as real as the original object, they would 
not take up the space of our three dimensions, and in this respect 
our method of representing the fourth dimension by mirrors would 
be quite analogous to the cube pictured on a plane surface, for the 
space to which we (being limited by our tridimensional space-con- 
ception) would naturally relegate the seven additional mirrored 
images is unoccupied and, if we make the trial, will be found empty. 

Further experimenting in this line would render constructions 
of a more complicated character more and more difficult although 
not quite impossible. Thus we might represent the formula (a+b)* 
by placing a wire model of a cube, representing the proportions 
(a+b)* in the corner of our three mirrors, and we would then verify 
by ocular inspection the truth of the formula 

a*+4a°b+6a"b?+4ab*+bt, 

However we must bear in mind that all the solids here seen 
are merely the boundaries of four dimensional bodies. All of them 
with the exception of the ones in the inner corner are scattered 
around, and yet the analogous figures would have to be regarded 
as being most intimately interconnected, each set of them forming 
one four-dimensional complex. Their separation is in appearance 
only, being due to insufficiency of our method of presentation. 

We might obviate this fault by parceling our wire cube and in- 
stead of using three large mirrors for reflecting the entire cube at 
once, we might insert in its dividing planes double mirrors, i. e., 
mirrors which would reflect on the one side the magnitude a and 
on the other the magnitude b. In this way we would come some- 
what nearer to a faithful representation of the nature of four- 
dimensional space, but the model, being divided up into a number 
of mirror-walled rooms, would become extremely complicated, and 
it would be difficult for us to bear always in mind that the mirrored 
spaces count on both sides at once, although they overlap and (tri- 
dimensionally considered) seem to fall the one into the other, thus 
presenting to our eyes a real labyrinth of spaces that exist within 
each other without interfering with one another. They thus render 
new depths visible in all three dimensions, and in order to represent 
the whole scheme of a four-dimensional complex in its full com- 
pleteness, we ought to have three mirrors at right angles placed at 
every point in our tridimensional space. 

Our scheme of inserting mirrors at every point is impossible, but 
the idea will render the nature of four-dimensional space approxi- 
mately clear. If we were four-dimensional beings we would be 
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possessed of the mirror eye which in every direction could look 
straightway into every corner of the third dimension. This seems 
incredible, but it cannot be denied that tridimensional space lies 
open to an inspection from the domain of the fourth dimension, just 
as every point of a Euclidean plane is open to inspection from above 
to tridimensional vision. Of course we may demur (as we actually 
do) to believing in the reality of a space of four dimensions, but that 
being granted, the inferences can not be doubted. EDITor. 


PROF. LAWRENCE H. MILLS OF OXFORD. 

Among those appointed by the Hebdomadal Council of Oxford 
to represent the University at the coming Congress of Orientalists 
at Copenhagen the veteran Professor Mills is prominent. He has 
lately reached his seventy-first birthday, and, though he has long 
been in a painful condition from various complications of disease, 
his general health is fairly good, and his professional activities are 
very extensive. He has now strong hopes of living to complete his 
various works. The Dictionary of the Gathic Language of the 
Zend Avesta is approaching its three hundredth page, bringing up 
the Gathas to about 977 pages in all. The next section will soon 
be delivered to purchasers. He will also be shortly delivering the 
first chapter of the Yasna in the four texts: Avesta, Pahlavi, San- 
skrit and Persian, with translations of the first three as in the 
Gathas (Brockhaus), but he is forced to abandon the favored synop- 
tical form of that earlier book on account of the Pahlavi text which 
is given both in the original character from the Muséon of Louvain, 
Belgium, with all the variants of all the manuscripts, also in the 
original character, as well as in the transcription of it from the 
Zeitschrift of the German Oriental Society, with the translation 
from the Journal of the Royal Asiatic Society. On account of this 
twofold edition of the Pahlavi this one chapter will occupy at least 
one hundred pages in large form. Mr. Mills has edited in all some 
fifty odd chapters of the Yasna, now deciphered with the collation 
of all of the manuscripts, but, save in the Gathas and in Yasna, the 
first variants are not as yet fully published, though they are in 
manuscript. About thirty-two of these chapters have appeared in 
the Zeitschrift of the German Oriental Society, with translations 
of some thirty-four in the Journal of R. A. S., London. 

This work being the crux of Avesta philology, requires recon- 
structions of the Avesta texts, as of their translations at every 
step. No lexicography is to be compared with it in difficulty, for 
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it includes lexicography, except such lexicography as includes it. 
Mr. Mills has published two chapters of the Gathas in their Sanskrit 
equivalents as a mere side-work, the Zend being practically Sanskrit. 
One of these appeared in Roth’s Festgruss, 1894, and one in the 
Actes of the International Congress in Paris in 1897. Other por- 
tions of these translations into Sanskrit will be offered at the forth- 
coming Congress at Copenhagen. 

The Avesta contains the sister religion to that of Exilic Israel, 
being also a reformed section of what was the original of the Vedic 
religion, in a language nearer to Sanskrit than Greek is to Greek. 
Oldenberg, referring to the translation in Roth’s Festgruss, says in 
Vedic Religion, p. 27: “Dass eine solche Uebertragung oft nicht 
allein correcte vedische Worte und Satze ergeben wurde, sondern 
Verse, aus denen die Seele vedischer Dichtkunst zu sprechen 
scheint.” 

Oxford has lately made her most distinguished acquisition in 
the person of the Chancellor, Lord Kurzon of Keddleston, the most 
prominent figure now present in the British Empire, and what is 
equally gratifying, she has acquired for this position an eminent 
scholar and important writer upon Persia past and present. 

His Lordship favored Oxford with a short residence in the 
Autumn (not, as we grieve to say, accompanied by that endeared 
lady now mourned by two continents). Among other experienced 
guests he honored the aged Professor Mills, who assisted by an 
attendant, greatly appreciated the attention. 

Another pleasant incident has met the Professor in the literary 
application of a distinguished young Italian lawyer of Turin, Italy, 
apparently also connected officially with its Chamber of Commerce. 
Entirely without any previous knowledge of this very able trans- 
lator, Professor Mills received a most courteous communication, 
asking for permission to translate some of his works into Italian. Mr. 
Mills, as need hardly be said, cordially met this request; and three 
pieces, two of them lectures delivered in Oxford, are now in type 
and will soon be issued. Not without interest was also a communi- 
cation from an able professor in Chile urgently requesting informa- 
tion as to Professor Mills’s works, and the subject in general. 

Professor Mills has just published an article in the Journal of 
the Royal Asiatic Society and another one will soon be forthcoming 
in Z. D. M. G. Meanwhile others are preparing, and the text edi- 
tions and Gathic dictionary are making progress,—and this at the 
author’s advanced age of seventy-one. 
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OUTLINES oF MAHAYANA BuppHIsM. By Daisets Teitaro Suzuki. London: 
Luzac & Co., 1907. Pp. xii, 420. 8s 6d. net. 

This is the first book ever written on Mahayana Buddhism which makes 
any claim to a systematic presentation of the subject. Hitherto European 
scholars of Buddhism were wont to treat Mahayanism as a mere degenerated 
form of “Primitive Buddhism,” which is to-day represented by the Buddhism 
prevailing in Ceylon, Burma, Siam, and other Asiatic countries, and which is 
designated by the followers of Mahayanism as Hinayana Buddhism. Such 
authors as Beal, Edkin, Wassiljew and others tried to expound the funda- 
mental ideas of Mahayanism in their treatment of Chinese and Japanese Bud- 
dhism; but their method was not strictly systematic. Besides they had no syn- 
thetic knowledge of the subject, for their information was gained through 
not very authentic sources, or through some Mahayana books which they 
picked out of the Chinese Tripitaka at their pleasure. Kern, Burnouf, Pous- 
sin, Lévi, Max Miiller, Mitra, and other Sanskrit scholars have attempted to 
describe the essential characteristics of Mahayanism through the Sanskrit 
Buddhist texts found in Nepal; and we must admit that some of them have 
been fairly successful in the attempt. 

But, as we know, these Sanskrit documents of Buddhism are merely a 
small portion of the vast amount of Mahayana literature preserved in China, 
Japan and Tibet; and it is clearly evident that our correct knowledge of 
Mahayanism as it is believed to-day by millions of Asiatic people, as well as 
its historical development in India, China and Japan, cannot be gained until 
the Chinese and Tibetan Tripitaka has been thoroughly investigated. Csoma 
de K6rés, Nanjo, Schiefner and others have done much towards this end, but 
every Mahayana student knows well that a rich harvest is waiting for the 
laborers. 

What Mr. Suzuki has accomplished here is not a strictly scholarly work, 
for, as he says in his preface, it has also been his intention to provide a popular 
exposition of Mahayana Buddhism which has very frequently been grossly 
misunderstood, and hence misinterpreted, by less informed writers of the 
West. Mr. Suzuki is a Japanese Buddhist, but liberal and impartial; he pro- 
ceeds systematically in his presentation of the subject. What makes this book 
most valuable to European scholars is its numerous allusions to the Chinese 
Tripitaka, which mainly on account of the linguistic difficulties has not been 
explored as it ought to, but with which our author is perfectly at home. 

This book is divided into three parts: J. Introductory, II. Speculative 
Mahayanism, and III. Practical Mahayanism. In the Introductory part the 
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author treats of the distinction between Mahayana and Hinayana Buddhism, 
the historical significance of Mahayanism, the general characteristics of Bud- 
dhism, and the historical characterization of Mahayanism, in which are 
quoted such Hindu Buddhist philosophers as Sthivamati, Asanga, Nagarjuna, 
Agcvaghosha, Aryadwa, etc. “Speculative Mahayanism” contains chapters on 
Practice and Speculation, Classification of Knowledge, Bhitatathata (Such- 
ness), The Tathagata-Garbha and the Alaya-vijfiana, The Theory of the Non- 
Atman and Karma. Under “Practical Mahayanism,” Mr. Suzuki includes the 
Dharmakaya, The Doctrine of Nikaya, The Bodhisattva, The Ten Stages of 
Bodhisattvahood, and Nirvana. As an Appendix the book contains some 
Hymns of the Mahayana faith, which are taken from various Mahayana sutras 
existing in Chinese translations. 

These Outlines serve as a very good introduction to a more comprehensive 
treatise of the subject, which, it is hoped, our author will attempt in the future 
when his extensive knowledge of Chinese Buddhist literature is further sup- 
plemented with that of the Sanskrit, however fragmentary the latter may be. 


L’ANNEE PSYCHOLOGIQUE: treiziéme année. Publiée par Alfred Binet. Paris: 
Masson et Cie., 1907. Pp. 494. Price, 15 fr. 

The thirteenth issue of this valuable annual contains the following original 
contributions: The Relativity of Space, by Poincaré; The progress of Psycho- 
physics, by Foucaut; The Perception of Psychical Facts, by Souriau; Insects 
and the Color of Flowers, by Plateau; The Work of Pawlov on the Secretion 
of Psychical Saliva, by Zeliony; The Physician and the Teacher, by Ley; 
Psychology and Metapsychics, by Maxwell; Touch and the Muscular Sense, 
by Van Biervliet; Visual Memory of Abnormal Beings, by Decroly and 
Degand; Articular and Muscular Sense, by Bourdon; Increase and Decrease 
of N Rays, by Piéron; The Acquisition of Habits in Animals, by Bohn; 
Written Reports and the Dreyfus Case, by Crépieux-Jamin; Nature and the 
Origin of Instincts According to Weismann, by Maigre; Scientific and Ex- 
perimental Study of Professional Work, by Imbert; Intellectual Debility in 
Early Insanity, Senile Insanity, and General Paralysis, by Masselon; Chronic 
Mental Confusion, by Regis and Laurés; The Race Question in Psychology, 
by Deniker; The Physical and Chemical Conditions of the Action of Nerve 
Centers, by Fredericq; The Co-operation of School and Family, by Chabot; 
The Evolution of the Problem of Aphasia, by Bernheim; Pain and the Nerves 
of Pain, by Wertheimer; The Sensitive Tracts of the Nervous System, by 
Van Gebuchten; The Double Individuality of Plants, by Bonnier; The Modern 
Doctrines of Ethics, by Cantecor; The Psychology of Thought, by Larguier. 


Die MECHANIK IN IHRER ENTWICKLUNG. Von Dr. Ernst Mach. 6th edition. 
Leipsic: Brockhaus, 1908. Pp. 576. Price 8m., cloth 9 m. 

Professor Mach’s Mechanics has now appeared in its sixth edition, which 
lies before us with a few additions made with reference to propositions of 
Anding, Duhem, Foppl, Hartmann, Seeliger, Vailati and Wohlwill. Other- 
wise the book shows no change in comparison to former editions, especially the 
fifth. We recognize it as decidedly a good sign of the increasing interest taken 
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in scientific matters that a book like this one has become so popular. It is 
true that Mach’s expressions are almost indispensable for any one who devotes 
himself to a scientific study of mechanics. His work is practically the only 
one which takes into account the historical origin of our science. Neverthe- 
less it is not easy reading, and thus the circle of students who would devote 
themselves to it is quite limited. Mach’s book, as the author insists in his 
preface to the first edition, is not a text book to study the principles of mechan- 
ics, but a guide into the history of the subject so that it addresses itself mainly 
to those who take an interest in the nature of problems in question and desire 
to understand how man acquired his mechanical knowledge. Mach was not 
a scientist only, he was conscious of the foundatton which every science needs, 
and this made him a philosopher. The principle which he finds in the history 
of mechanics is a tendency toward an economy of thought, and this economy 
of thought becomes to him the characteristic feature of all science. Professor 
Mach’s significance both in philosophy and in natural science is sufficiently 
known and needs no special application in this case, and we may add that his 
reputation is fully sustained and justified in the present volume which may 
be regarded as the chief fruit of his life’s work. It has been translated into 
almost all modern languages, and the English translation has been brought out 
by the Open Court Publishing Company, which has done its best to keep its 
edition up to date. The present sixth edition, however, contains additions of 
approximately 12 pages, which have not as yet been incorporated in the 
English version. 


ESSAI CRITIQUE ET THEORIQUE SUR L’ASSOCIATION EN PSYCHOLOGIE. Par Dr. 
Paul Sollier. Paris:Alcan, 1907. Pp. 187. Price 2 fr. 50. 

Dr. Paul Sollier, who in 1900 published a book on “The Problem of Mem- 
ory,” supplements his former investigation by a critical essay on “Association 
in Psychology.” It is a summary of his lectures given at the Université Nou- 
velle de Bruxelles. He starts from the simplest and crudest phenomena and 
proceeds to the more complicated instances, whereupon he gives his exact 
definitions. He considers association from the psysiological rather than from 
the psychological side, and formulates from the differént data his general 
theory of the mechanism of association. 

The book is divided into four chapters. The first discusses the definition 
and explanation of the problem; the second, the laws of association, first those 
commonly admitted and second, those which have been contradicted and are 
still under dispute; third, contradictions, and finally gaps. Chapter IIT takes 
up the several theories, the psychological, anatomical, physiological and finally 
the dynamic theory. The last chapter enters into the mechanism of associa- 
tion, its origin, its preservation, the way in which it is evoked, the evolution 
of association, its strength and its rapidity, and finally its nature. 


Source Book 1n ANCIENT PuitosopHy. By Charles M. Bakewell. New 
York: Charles Scribner’s Sons, 1907. Pp. 395. 

The student of classical philosophy will hail this book of Professor Bake- 

well because it is one of the most useful compilations of passages referring 
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to the several Greek philosophers. The book is exactly what its title indicates, 
“a source book,” and we find in it translations of passages on the Milesian 
School, the Eleatic School, Heraclitus, the Pythagorean Philosophy, Emped- 
ocles, Anaxagoras, the Atomists, the Sophists, Socrates, Plato, Aristotle, the 
Stoics, Epicurus, Lucretius, Epictetus, Marcus Aurelius, Plotinus. 

The compilations of Greek passages have been made by Ritter, and no- 
where has the matter been collected in such a handy shape for English stu- 
dents. The selection of the passages seems to be pretty well made and suffi- 
ciently typical of the several schools. 


The Dirr Publishing Company at Leipsic continues its publication of the 
Philosophische Bibliothek, in which it issues a series of philosophical books 
at a relatively cheap price. Before us lie Immanuel Kant’s Grundlegung sur 
Metaphysik der Sitten, (price 4 m. 60); Hume’s Enquiry Concerning Human 
Understanding, a German translation edited by Raoul Richter; Hegel’s Pha- 
nomenologie des Geistes (price 5 m.) edited and revised and with an intro- 
duction by Georg Lasson; a commentary in German to The Critique of Pure 
Reason by Hermann Cohen (price 2 m.); and finally also Kirchner‘s Philo- 
sophical Dictionary, newly edited by Dr. Carl Michaélis, which has increased 
its size to 708 pages, and is now in its 5th edition (price 8 m.). (The prices 
mentioned are all for paper bound copies.) 


BOOKS RECEIVED. 

Talks on Religion. Recorded by Henry Bedinger Mitchell. New York: 
Longmans, Green & Co., 1908. Pp. 325. Price $1.50—The Doctrines of the 
Religion of Truth. By P. Sankaranarayana. Madras: Vest & Co. Pp. 114. 
Price 6d.—The Gospel of the Religion of Truth. By P. Sankaranarayana. 
Madras: Vest & Co. Pp. 248. Price 1s—The Church of To-day. By J. Crooker. 
Boston: Pilgrim Press, 1908. Pp. 177.—The Rule of “Not Too Much.” By 
H. E. O. Heinemann. Chicago: 1908. Pp. 156.—The Philosophy of Loyalty. 
By Josiah Royce. New York: Macmillan, 1908. Pp. 409. Price $1.50.— 
Sociologie de l’action. Par Eugéne De Roberty. Paris: Alcan, 1908. Pp. 352. 
Price 7 fr. 50——Poems and Translations. By Frederick Rowland Marvin. 
Troy, N. Y.: Pafraets Book Co., 1907. Pp. 164.—Vitality, Fasting and Nutri- 
tion. By Hereward Carrington. New York: Rebman Co., 1908. Pp. 648.— 
The Gospel of Pain. By Thomas J. Hardy. London: Geo Bell & Sons, 1908. 
Pp. 223. Price, 3s. 6d. net—An Open Letter to Cardinal Gibbons. By Paul 
Sabatier. Boston: Sherman, French & Co., 1908. Pp. 88. Price 60 c. net.— 
The Study of Stellar Evolution. By Geo. Ellery Hale. Chicago: University 
of Chicago Press, 1908. Pp. 252, 104 plates. Price $4.27 postpaid.—Faith in 
Man. By Gustave Spiller. New York: Macmillan, 1908. Pp. 190. Price 
75, c. net.—The Science and Philosophy of the Organism. By Hans Driesch. 
New York: Macmillan, 1908. Pp. 329. Price $3.00 net.—Das Christentum. 
Fiinf Einzeldarstellungen von C. H. Cornill u. a. Leipsic: Quelle & Meyer, 


1908. Pp. 164. 








